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Vectors - Equation of plane (7 pages; 10/2/20)

(1) scalar product form

Let a be the position vector of a point in the plane,

b4
andr = <y> be a general point in the plane.
Z

Let n be a vector perpendicular to the plane (see below).

Asr —a andn are perpendicular, (r —a).n =0
= r.n = a.n = p (a constant)

= N,x + n,y + n,z = p (Cartesian form)

Note: To find n, given two direction vectors d; and d, in the
plane: n =d; X d,

Thus if a,b & ¢ are the position vectors of points in the plane, we
cantaked; = b —a and d, = ¢ — a , for example.
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Example

1 —12
If a= (2) andn = ( 11 >,then
4 -9

—12x 4+ 11y — 9z = —12(1) + 11(2) — 9(4) = —26

(Another way of thinking of this is that, since a is a point in the
plane, it is a solution of r.n = p,so thatp = a.n, or n.a)

(2) Parametric form

This is an extension of the parametric form of the vector equation
of a line.

Let b and ¢ be non-zero vectors in the plane (that are not parallel
to each other).

Thenr = a + (Ab + uc)

Note that b and ¢ are direction vectors, whilst a is a position
vector. b and ¢ can of course be determined from 2 points p and q

in the plane,asp —aand g —a (orp — q)
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(3) Converting between cartesian and parametric forms
(a) to convert from cartesian to parametric form
Example

Suppose that the equation of the planeis 2x + 3y +z =4

Letx =s and y =t,sothatz =4 — 2s — 3t and a general point
X S 0 1 0

is<y>=< t >= O)+s| O |+ 1
VA 4 —2s — 3t 4 —2 —3

(b) to convert from parametric to cartesian form

X 1 -1 2
Example: r = <y> = (2) +s< 3 >+ t(S)
VA 4 5 1

Method 1
-1 2
Create the normal vector: ( 3 > X (3)
5 1
i -1 2
=/ 3 3|=-12i+11j-9k
k 5 1

giving —12x + 11y — 9z = —12(1) + 11(2) — 9(4) = —26,

1
as the point <2> lies in the plane.
4
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Method 2

0B

- x=1—-—s+4+2t
y=2+3s+3t
Z=4+4+5s+t

Then eliminate s and t to obtain an equation in x,y & z.

(4) Obtaining the equation of a plane from 3 points in the
plane

Example: Find the cartesian equation of the plane containing the
points (2,—1,0),(1,2,1) and (4, —3,—-2)

Solution

Method 1

Without loss of generality, let the equation of the plane be
ax+by+cz=1

Then, substituting the 3 points into this equation:
2a—b=1 (1)

a+2b+c=1 (2)

4a—-3b—2c=1 (3)

Using (1) to eliminate b, (2) & (3) become:
a+2QR2a—-1)+c=1=>5a+c=3 (2)
4a—3R2a—1)—2c=1=>-2a—-2c=-2=>a+c=1 (3)



Then (2") — (3) gives 4a = 2;a =%,sothatc =% &b=0

Thus the equation of the plane is %x + %Z =1l,orx+2z=2.

Method 2

From the 3 points, 2 vectors in the plane are

()-G)-()=E)-5)-6)

so that the parametric form of the equation of the plane is

0)-(2)() G

which can be written as
x=2—-—A+4+2u (1)
y=-1+31-2u (2)
z=A-—2u (3)
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Then we can eliminate A & u to obtain the cartesian equation:

From (1),A =2+ 2u—x

andthen (2) > y=-14+32+2u—x)—2u
=>y+3x—2=4u (4)

and 3)=>z=0Q2+2u—x)—2u

>z+x=2 or x+z=2.

Method 3

Without loss of generality, let the equation of the plane be

x+by+cz=d
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2 vectors in the plane are

()-(2)- () =)o) () )

1
The normal to the plane <b> must be perpendicular to the vectors
c

1 -1 1 1
in the plane, so that (b) ( 3 ) =0 and (b) . (—1) = 0,
c 1 C —1

and hence—-1+3b+c=0and 1—-b—-—c =0,
sothat 3b+c=1and b+c =1,

givingb =0 andc =1

1 2
Then the equation of the planeis x + z = (0) : (—1),
1

2
as (—1) is a point in the plane; ie x +z = 2
0

Method 4

As Method 3, except that the normal is obtained from

(1)) () (o)
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