fmng.uk
Vectors: Lines & Planes - Exercises (with Sol’'ns)

(64 pages; 7/5/26)
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(1) Given that the liner = (3

) + A (_12) can also be written as

(g) + U (_21) , find p in terms of 1



fmng.uk

2) +1 (_12) can also be written as

(1) Given that the line r = (3

(g) +u (_21) , find p in terms of 1

) +u(G) =G+ () +u(3)
= ()20 ()
= (g) + 2+ w (—21)

Thus 2+ u=—-A,andsou=—-41-2
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(2) Find a vector equation of the line that passes through the

point (1,2) and is perpendicular to the line r = (i) + 1 (_41)
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(2) Find a vector equation of the line that passes through the

point (1,2) and is perpendicular to the line r = (i) + A (_41)

Solution
Method 1

The gradient of the given line is —71 , S0 that the gradient of the

perpendicular line is 4.

Then a vector equation of the required line is

r=(5)+2()

Method 2 (much longer, but good practice!)

Let P be the intersection of the given line (L, say) and the
perpendicular line through Q(1,2). Then P can be represented as

(3+4/1

4 ), for some A to be determined.

Then, as L is perpendicular to QP, (_41) . (34-&4/1/1__21) =0

[noting that (_4

1
344__4;), which the position vector of a point on L]

sothat 4(2+440) —(2—14) =0,

) is the direction vector of L; not to be confused

with (

and hence 171+ 6 =0, and A = _5

17
3 +4(—1%)

4 (_3) =1_17(§47L)

17

Thus P is

And a vector equation of the line through P and Q is
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)+ () =55 75)
)+ 270) = )+ 5 (Cao)

(2)+u(3)
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(3)(i) Show that the line

+ tb and the plane r.n =d
d-an

=4a
intersect at the pointr = ( — )

0 1
(i) Find the intersection of the line r = (1) +t (2) and the

0 0
1
plane r. (—1) = -2
0

(iii) Find the angle between the line and the plane in (ii).
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(3)(i) Show that the line + tb and the plane r.n =d
d-an

=4a
intersect at the pointr = ( — )

0 1
(i) Find the intersection of the line r = (1) +t (2) and the

0 0
1
plane r. (—1) = -2
0

(iii) Find the angle between the line and the plane in (ii).

Solution

N\
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S ¥

(ii) Applying the result in (i):

() (3)--
o) (3)
e Qo259

1 1
(iii) (2).(-1) =v1+4+0.v1+1+0cosb
0 0

1
= cosf = = —
5./2

<|
<|
2l
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= 0 = 108.43495°
The required angle is:

90 — (180 — 108.43495) = 18.43495 = 18.4° (1dp)
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(4) Find the acute angle between the line % = yT+2 ,Z=—2 and

the plane 2x —z = 7.
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(4) Find the acute angle between the line % = yT+2 ,Z=—2 and

the plane 2x —z = 7.
Solution

The angle between the direction vector of the line and the normal
to the plane is given by

-3 2
(5 )( o)=\/(—3)2+52+02\/22+02+(—1)2 cos6

0 -1

6 o
= —6 = \/34V/5 cosf = cosf = T 6 =117.399 = 117.4

(1dp) [this is usually the preferred degree of accuracy for an
angle given in degrees]

This means that the acute angle between these two directions is

180 — 117.4 = 62.6, and the angle between the plane itself and
the line is therefore 90 — 62.6 = 27.4°

10
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(5)(i)(a) Find the acute angle between the line g = % = ? and

the plane x +y—2z =75

(b) Show that the same angle is obtained if the line is written in
the form

=2 = Z_—l (ie without rearranging into the form in (a))

(ii)(a) Find the acute angle between the planes x + 4y — 3z =7
andx—y+4z =2
(b) Find the acute angle between the planes x + 4y — 3z =7

and
—x +y — 4z = 2 (again, without rearranging the equation)

11
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Solution

(i)(a) The angle between the line and the normal to the plane is
given by

2 1
-3
<_13> ( 12> = V1476 cos0, so that cosf = —— =

—0.32733
and 6 = 109.107°

The acute angle between these vectors is then 180 — 109.107 =
70.893°

The acute angle between the line and plane is then

90 — 70.893 = 19.1° (1dp)

—2 1
3
(b) ( 31> ( 12> = v14/6 cos0 = cosO = 7 = 0.32733

and 8 = 70.893°

As we have already found the acute angle between the line and

the normal, the acute angle between the line and the plane is
90 —70.893 = 19.1° (1dp)

(ii) The angle between the normals to the planes is given by

1 1
-15
( 43) . (-41) =126V18 cos0, so that cosO = NN

—0.69338

and @ = 133.898°

12
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The acute angle between the planes themselves is 180 —
133.898 = 46.1°

(ii)(b) The angle between the normals to the planes is given by

1 -1
15
( 43) ( 14) =126V18 cos0, so that cosO = NI

0.69338
and 8 = 46.1°

The acute angle between the planes is also 46. 1°.

13
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: : : : . x-2 1,
(6) Find the line that is the reflection of the line xT = % = % in

the plane x — 2y +z =4

14



(6) Find the line that is the reflection of the line 363;2 = % = —in

the plane x — 2y +z =4
Solution

Let the intersection of the line and the plane be P, and suppose
that Q is some other point on the line. Then we can find the
reflection of Q in the plane (Q' say), by dropping a perpendicular
from Q onto the plane, and then the required line will pass
through P and Q'.

X 2 3
Writing the equation of the line as (y) = ( 0 > + A (4—) and

V4 -1 1
substituting into the equation of the plane:

(24+310)—-2(40)+(-1+21) =4 =>_4,1=3;,1=_%

2 3 3 "2

sothatPis| 0 |—=-{4|=| —3
4

-1 1 _7

2 3 5
Setting A = 1 (say), we can take Q to be ( 0 ) + (4) = (4—)
-1 1 0

Now consider the perpendicular line dropped from Q onto the
plane. Its direction vector is that of the normal to the plane, and
so it has equation

() (&) ()

Let R be the point where the perpendicular line intersects the
plane. Substituting into the equation of the plane gives:

15



5+1)—-2@4-20)+A)=4>61=7; 1=

5
So R is (4) + %(—2
0

Then,asPis| —3

1

X 4
5)=(4)a
Z 7

4

X -3 +914
E<_36 + 281)

—21 + 494

or, in cartesian form:

fmng.uk
7

6

5 1
) ,and Q' will be (4) +2 (g) <_2> _
0 1

, the equation of the reflected line will be:

-3 —3 + A(88 + 3)
_3||= % —36 + A(—8 + 36)
_7 —21 + A(28 + 21)

, .36 21 3 .36 21
x'12= '12=Z'12 or x.12=y.12= '12
91 28 49 13 4 7

16
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(7) Find the reflection of the line xT_Z = yTH ;z = 3 in the plane

y=4

17
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(7) Find the reflection of the line xT_Z = yTH ;z = 3 in the plane
y=4
Solution
d
/

2
Let P be (—4), say.
3

Q is intersection of the line and plane :

X 2 3
Line is (y) = (—4) + A (1)
A 3 0
Substituting into the eq'n of the plane: =4+ 1 =4=>41=8
2 3 26
SoQis (—4>+8<1> = <4>
3 0 3
X 2 0
Line PR is <y> = (—4) +u (1)
Z 3 0

R is intersection of PR and the plane:

—4+u=4=>u=2=8

18
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ra(eanf)-()
coara §-(5)oo)- (3
ORORE BORORT)

19
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(8) Find the angle between the planesx = 2and y + 2z = 3

20
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(8) Find the angle between the planesx = 2and y + 2z = 3

Solution

1 0 1 0
The two normal vectors are (0) & (1), and (O) : (1) =0,
0 2 0 2

so that cosf@ = 0 (where @ is the angle between the normals), and
hence the planes are perpendicular.

[The plane x = 2 is parallel to x = 0; ie the y-z plane. The plane

y + 2z = 3 can be formed from the line y + 2z = 3 in the y-z
plane, extended in the positive and negative x directions (ie
perpendicular to the y-z plane.]

21
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(9) Find the cartesian form of the plane

()

22
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(9) Find the cartesian form of the plane

(o)

Solution
1 2 _3
4 1 -5

(-

X 0 —8
<}’>—<—2> .<7)=O:~—8x+7(y+2)—5(z+1)=0
z -1 -5

>—-8x+7y—5z=—-9 o0or 8x—-7y+5z=9

IX‘ | S~ |~

Alternative version (once n has been found)
Letplanebe —8x + 7y — 5z =p
0
As (—2) lies in the plane, —8(0) + 7(—2) — 5(—1) = p;
-1
sop = —9 etc
Alternative method

Eliminate s & t from the 3 simultaneous equations.

23
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(10) Find the plane containing the points

(2,—1,4),(—3,4,2) and (1,0,5), in Cartesian form

24



(10) Find the plane containing the points
(2,—1,4),(—3,4,2) and (1,0,5), in Cartesian form

Solution
Method 1

In parametric form, it is:

(A
ool

x=2-51—pu (1)

y==1+52+u (2)
z=4-22+u (3)

EliminatingA & u: (1) + 2)=>x+y=1

Method 2

The normal to the plane is perpendicular to both

-5 ~1 5 -1y £ 5 1
<5>and<1>;eg<5>x<1>=1 5 1
—2 1 2 1/ |k -2 1
7 1
=<7>0r<1>,
0 0

25
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1 2 1
so thateq'nis r. (1) = (—1) : (1) orx+y=1
0 4 0

26



fmng.uk
(11) (i) Find a vector that is perpendicular to both

(5)+C)

(ii) Use (i) to find the plane that passes through the points with

1 8 0
position vectors (2) ,( 2 ) & (—1)
3 —7 4

27
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(11) (i) Find a vector that is perpendicular to both

(5)+C)

(ii) Use (i) to find the plane that passes through the points with
1 8 0

position vectors <2> ,( 2 ) & (—1)
3 —7 4

Solution

(i) Method 1
7 1

7 1 30
—-10 —1 —-10 -1 21

[From the theory of the vector product,] this is perpendicular to

) 30 10
the given vectors (as is 3 (—3) = (—1)).
21 7

Ik‘ | S~ |~

Method 2

1
Let the required vector be (a)
b

7 1
Then( 0 ).(a)=0,sothat7—10b=0&b=1—70

—10 b

1 1
And( 3 >.<a>=0,sothat1+3a—b=0,
-1 b

anda=§(1—70—1)=—1—10

28
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10
Thus (multiplying by 10) a suitable vector is (—1).
7

1 8 0
(ii) Let <2> , < 2 ) & (—1) represent the points A, B & C,
3 -7 4

respectively.

. 7 . —1 1
ThenAB=< 0 ) &AC=<—3)=—< 3)
—-10 1 —1

From (i), a vector that is perpendicular to AB & AC (and

10
therefore a normal to the plane) is (—1).
7

So the equation of the plane is

10 1\ /10
£.<—1>=<2>.<—1>= 10 — 2421 =29
7 3/ \ 7

X
or (in cartesian form) 10x —y + 7z =29 [asr = <y>]
Z

29
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(12) (i) Find the plane containing the points

(3,0,—1),(5,2,—3) and (4,2,4), in parametric form

(ii) Hence find the equation of the plane in Cartesian form.

30



(12) (i) Find the plane containing the points
(3,0,—1),(5,2,—3) and (4,2,4), in parametric form

(ii) Hence find the equation of the plane in Cartesian form.

Solution

(i) A general point on the plane is

(E)l)- () 2
oo (1))

(ii) We can write
x=34+21+u
y=21+4+2u
z=—-1—-214+5u

Using the eq’n for x to eliminate u:
y=2A+2(x—3—-2A) or y=-21+2x—6
z=—-1—-21+5(x—-3—21) or z=—124+5x — 16

Then, eliminating A:

—121A =6y — 12x + 36 &also z — 5x + 16,

so that 6y — 12x + 36 =z — 5x + 16
Hence —7x + 6y —z=—-20 or7x — 6y + z = 20

[To check that this plane contains the given points:

31
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7(3) — 6(0) + (—=1) = 20,
7(5) — 6(2) + (-=3) = 20
&7(4) —6(2) +4=20]

32
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(13) Write the following Cartesian equations of planes in

parametric form:

Dx+y+z=1(0)x+y=1(i))x =1

33
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(13) Write the following Cartesian equations of planes in

parametric form:

Dx+y+z=1(0)x+y=1(i))x =1

Solution
(i) For this case, we can set x = A and y = y, if a parametric form

of this type is possible:

X 0 1 0
()= (3 (2)
VA a b C

This means that a will be 1.

1 0
Then <0> & (1) will be valid direction vectors in the plane,
b c

provided that they are perpendicular to the normal to the

1 1
plane; ie that there are solutions to (0) . (1) =0 and

b 1
0 1
<1>.<1>=0;sob=c=—1
C 1

Thus a possible parametric form is

= (o)eo(o) ()

[Alternatively, x + y+z=1=2A+u+z =1,

sothat z=1—A—py,andsoa=1,bh=—-1&c = —1]

34



fmng.uk

X 0 1 0
(ii) In this case, r = (y) = (O) + A (O) +u (1)
Z a b c

isn’t possible,as x = y = 0 doesn’tsatisfyx + y = 1

Instead, wecantry x =Aandz = y,sothaty =1—-41

0 1 0
This gives r = <1> + A (—1) + u (0),
0 0 1

0
and, as a check, <1> satisfiesx + y =1,
0

) -0+ )

(iii) Here, we can obviously setx = 1,y = A,z = u

Thus a possible parametric form is

()

35



(14) Find the shortest distance between the lines

x+5 _y z—-1

+3
= = and —
4 3 2 7

1~ 3

36
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(14) Find the shortest distance between the lines

x-2 _y-1 __ z+ and x+5 y z—-1
B B 1 3

Solution

[Note: The following method is probably the quickest way of
finding the shortest distance, but doesn’t generate the points on
the lines that are closest.]

(d1xd3).(a1-ay)
|d1xd3]|

4 -5
w3
2 1
7 7 7
1=(2>anda1—az—<1>
3 17 —4

7(N+2W+(-17)(-4)| _ | 119 | _ 119
J72+22+ (12 | Iv3azl T v3az

Shortest distance, D =

4
Then 41 X 42 = 3
2

| &R 1N~ e

sothat D =

37
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(15) Find the shortest distance between the lines

x—-1 y+3 z—2 x
2 5 3 1

—4 1. . :
yT = % , identifying the points on the

lines at which this shortest distance occurs.

38
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(15) Find the shortest distance between the lines

x—1 +3 z—2 X -4 z+1 . e . .
= ys == and 1= yT = identifying the points on the

lines at which this shortest distance occurs.

Solution

Method 1

General points on the two lines are

. /1+22 . 2
ox=<—3+5,1> and oy=<4+2u>

2+32 —1+2u

At the closest approach of the two lines, XY will be perpendicular
to both lines, so that

. 2 /1
XY. (5) = 0 and XY. (2) =0,
3 2

u—(1+22)
sothat | 4+ 2u — (=3 + 54) (
—1+4+2u—(2+34)

p—(1+22) 1
44 2u— (-3 +52) .(z>=0,

—1+2u—(2+32)/ \2

2
5) = 0 and
3

giving Qu—2—44)+ (35+10u —254) + (-9 + 6u—91) =
0

or 18u —384=-24;ie9u— 194 =-12 (1)

and (u—1-22)+(14+4u—101)+(—-6+4u—64) =0

9u—181=—7 (2)

39
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Then (1) — (2) > —4 = —5,sothat A = 5 and, from (2),

p=50805) -7 =7

o/ . ,(83
So OX = (22) and O = 5(202)

17 157

4 83 — 99 X —16 A —4
and XY=5<202—198>=5< 4 >=5<1>,
157 — 153 4 1
so that |)ﬁ/)|=§\/16+1+1=@=43—\/E

Method 2

If 11 is a unit vector perpendicular to both lines, then we need [7)¢

and OY such that 0X + dn = W, and the shortest distance will
then be |d]|.

w N
N N =

2 1
A vector perpendicular to both lines is (5) X (2) =

3 2
<4> 1<4>
=|—-1],sothat i = =| -1
) it \/1_8
-1 -1

. ., 1+24 4
Then OX + dn = 0OY gives (—3 + 511) + D <_1) =

2+ 31 —1
n
<4+2u>,
-1+ 2u

d
where D = \/%'

| &R 1N~ T~

40
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sothat 24+4D —u=-1(1)

SA-D-2u=7 (2)
3-D—-2u=-3 (3)

Then (2) — (3) = 24 =10,sothatA =5

and (1) & (2) become 4D — u=-11(4) and —D —2u = —18
(5)

Then 2(4) — (5) = 9D = —4, s0 that |d| = VI8|D| = *08 =42
and, from (1), u = 10—%+ 1 =%
and OX and OY can then be found, as in (1).
Method 3
Suppose that the two closest points are
. 1+ 22 . u
oX = (—3+SA> and OY = ( 4+2ﬂ)
2+ 32 —1+2p
2y (1 |E 21
A vector perpendicular to both lines is (5) X (2) =|J 5 2
3 2 k 3 2
4
= <—1> ,and Y can be reached from X by travelling a certain
-1

distance in this direction.
1+ 241 4 2

Thus (—3+5/1>+k(—1> = ( 4+ 2u )
2+ 31 -1 —1+2pu

41
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2A+4k—pu 1
or (51—k—2u>= ( 7 )
3A—k—2u -3
A -1
n -3
0 4 -2\T/-1
() (0+45— 27)(9 -1 14) (7)
Hu -9 -1 -22 -3
X 0 -9 -1 X 90 45
-2 14 -22/ \-3 166 83

83

| =

11 9
Hence the two closest points are (22) and % )
17 157

9
and the distance between them is |— g| VA2 + (—1)% + (—-1)2

418 42
9 3

42
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2 3
(16)(i) Find the intersection of the line r = (—1) + A (1) and

5 4
the plane 3x + y +4z =77

2
(i) Find the shortest distance from the point (—1) to the plane
5

3x+y+4z=77

43
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2 3
(16)(i) Find the intersection of the line r = (—1) + A (1) and

5 4
the plane 3x + y +4z =77

2
(i) Find the shortest distance from the point (—1) to the plane
5

3x+y+4z=77

Solution

(i) Forapointontheline, x =2+ 34, y=—-1+1,z=5+ 441
Substituting into the eq'n of the plane:
324+30)+(=1+A)+4(5+41) =77

:26/1=77—25=>/1=2—Z=2

2 3
= point of intersection has position vector (—1) + 2 (1)
5 4
8
13

8
(ii) From (i), nearest point on the plane is ( 1 >,
13

so that shortest distance is /(8 — 2)2 + (1 — [-1])2 + (13 — 5)2

=36 + 4+ 64 =104 = 24/26

Alternative method

44



fmng.uk
From (i), shortest distance is |A||n| , where A corresponds to the

point of intersection of the line and plane, and n is the normal
vector for the plane; ie 2v32 + 12 + 42 = 2+/26

45
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(17)(i) Given that the shortest distance from the point p to the

. |ld=p.n| . o d .
d is ] what is the significance of m ifd > 0?

(i) Find the equation of the plane that is paralleltor.n = d and

plane r.n

contains the point p.

(iii) Hence deduce the formula for the shortest distance from the
point p to the plane r.n =d

46
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(17)(i) Given that the shortest distance from the point p to the
ld—p.n|

——, what is the significance of a ifd > 0?

lane r.n=d is
P - = |n| |n|

(i) Find the equation of the plane thatis paralleltor.n = d and
contains the point p.

(iii) Hence deduce the formula for the shortest distance from the
point p to the plane r.n =d

Solution

(i) ﬁ is the distance of the planer.n = d from the Origin,

whend > 0

(iii) The shortest distance from the plane r.n = d to the Origin is
d
n|”

The plane parallel to r.n = d, containing p has equation

: : . .. pn
r.n = p.n , and its shortest distance from the Origin is T

|n|

Hence the shortest distance from the point p to the plane r.n =d

pn  d

is
In| |n|

47
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(18) Find the shortest distance between the point (4, —2, 3) and

7 3
the line r = ( 5 ) + 4 (—6), leaving the answer in surd form.
-1 4

48
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(18) Find the shortest distance between the point (4, —2, 3) and

7 3
the line r = ( 5 ) + 4 (—6), leaving the answer in surd form.
-1 4

Solution

Method 1

-a) xd|

4 7
Shortest distance D = | = |_| where p = (—2) ,a = ( 5 )&
- 3 1

(3

4

(—4)2+242+392 211 2113
SoD = J =
V32+(—6)2+42

49
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Method 2

4
Let OP = (—2) and let M be the point on the line closest to P,
3

. 7+ 34
so that OM = ( 5—-64 ) , for some A to be determined.

—1+ 44
We require W.Q =0,

7+31—4 3

so that (5—6&—(—2)).(—6) =0
—1+44-3 4

=3@B+31) —6(7—-6A)+4(—4+41) =0

=49+ 611 =01 ==

The shortest distance D = |W|

. 7+31—4 3+ 34
where PM = (5—6/1—(—2))2(7—6/1)

—1+41-3 —4 + 4

50
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147
61

294
61

196

SoD?=(@B+—=—) "+ (7 -+ (-4 +—)°

= — (3307 + 1332 + (—48)?)

128893 _ 2113

612 61

2113
and D = |—
61

51
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(19) Find the distance between the lines == y—+2; Z=4and

1 2
x+3 y—6 . .
T = 5 1 Z =17, leavmg your answer 1n exact form.

52



x+1 y+2
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(19) Find the distance between the lines | =5 Z= 4 and
x+3 y—6 . .

- =5 Z= 7 , leaving your answer in exact form.

Solution

Method 1

The lines are parallel.

Choose a point on one of the lines; eg P = (—3,6,7) on the 2nd

line.

To find the distance of this point from the 1st line:

X —-14+2
A general point, Q on the 1stline is <y> = (—2 + ZA)
X 4

. —-1+2 -3 2+ A
ThenPQ=<—2+ZA>—( 6>=<—8+2/1)
4 7 -3

We want P—Q) to be perpendicular to the 1st line,

2+ A 1
so that (—8 + ZA> . (2) =0
-3 0

>2+A-16+4A=0 =>51=141="1

24
3 8

Then P_Q) =| - 1—52 = %(—4) and the required distance is
15 —5

V61 +16+25

53
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3v105

Method 2

Choose a point on each line; eg R = (—1,—2,4) on the 1st line,
and

P = (—3,6,7) on the 2nd line.

2\ /1
: ()
Then PR = (—8) and the required distance is | ~=34—0~

3 H

i 2 1
:}:3(2) 1 6 3 2 3 31105
-3 -5 () -
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(20)(i) Show the lines x;l === and f ==——=—" are

skew.

(ii) Find the shortest distance between the lines and identify the
points on the lines at which this shortest distance occurs.
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(20)(i) Show the lines x;l === and = ==— = — are

skew.

(ii) Find the shortest distance between the lines and identify the
points on the lines at which this shortest distance occurs.

Solution

(i) The lines can be rewritten in parametric form:

X 1+24 X H
<y)=<—3+5/1> and <y>=<4+zﬂ>
z 2+ 34 V4 —1+2u

A point of intersection would then satisfy

1+2A=pu (1)

—3+5A=4+2u(2)

2+3A=-1+2u (3)

Substituting from (1) into (2) & (3) gives:
—3+54=4+4+2(14+24) or—9=—-4,s0that4 =9
and2+34=-1+4+2(1+24) or 1 =4,

and so there is no point of intersection.

Also, the direction vectors of the lines are not parallel, and so the
lines are skew.

(ii) [There are various methods for finding the shortest distance,
but not all of them find the points on the lines where the shortest
distance occurs. The first method given below is relatively
straightforward, and doesn't involve the vector product.]
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Method 1

From (i), general points on the two lines are
. 1+24 . u
ox=<—3+5/1> and 0Y=<4+2ﬂ)

2 +32 —1+2pu

At the closest approach of the two lines, XY will be perpendicular
to both lines, so that

2 1
XY. <5> = 0 and XY. <2> = 0, so that
3 2
p—(1+24) 2
44+ 2u—(—3+54) (5) =0 and
—1+4+2u—(2+34)
p—(1+24) 1
4+ 2u—(—3+54) (2) =0,
—1+4+2u—(2+34)
giving 2u—2—44)+ (35+10u —254) + (-9 + 6u—91) =
0
or 18u — 384 = —-24;ie9u— 1914 = -12 (1)
and (u—1-22)+(14+4u—100)+(—-6+4u—64)=0
ou— 181 = -7 (2)
Then (1) — (2) > —4 = —5,sothat A = 5 and, from (2),

83

p=5080) -7 =7

. 11 4 83
So 0OX = <22> and 0Y = 5(202)

17 157
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[ 83-99\ _/-16\ /4
andXY=§ 202 — 198 :6< 4 =5 1),

157 — 153 4 1
so that |)ﬁ/)|=§\/16+1+1=@=43—\/7

Method 2 (using the vector product)

If 11 is a unit vector perpendicular to both lines, then we need 0X

and OY such that 0X + dn = W, and the shortest distance will
then be |d]|.

W 1 N
N N =

2 1
A vector perpendicular to both lines is (5) X (2) =

3 2
<4> : <4>
=|—-1],sothat n =—| —1
g - V18
-1 —1

. ., 1+24 4
Then OX + dn = 0OY gives (—3 + 511) + D <_1) =

2+ 31 -1
u
<4+2u>,
-1+ 2u

d
where D = \/ﬁ’

| &R 1N~ e~

sothat 24+4D —u=-1(1)
SA—-D-2u=7 (2)
3A—-D—-2u=-3 (3)

Then (2) — (3) > 24 =10,sothatA =5
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and (1) & (2) become 4D —u=-11(4) and —D —2u = —18
()

Then 2(4) — (5) = 9D = —4, so that |d| = V18|D| = @ _ %

and,from(l),u=10—%+1=%

and 0X and OY can then be found, as in (1).
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(21) Show that the shortest distance from the point p to the plane

. ld-p.n|
rm=d is—=

|n|
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(21) Show that the shortest distance from the point p to the plane

rm=d is

Solution

61



fmng.uk
(22) Given the plane I1: 3x + 2y — z = 6 and the line

1 2
L:r = (0) + A (—1), let L' be the projection of L onto II
3 1

(i) Find the point of intersection (P) of Il & L

(ii) Find the angle between I1 & L,

(iii) Find a vector that is parallel to I1 and perpendicular to L
(iv) Find a vector equation for L'

(v) Find the angle between L and L'
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Solution

D30 +2D)+2(-D -G+ =6
>31=6=>1=2

1+4 5
SoPis( -2 >=<—2)
342 5

(ii) The angle between I & L is the angle between L and its
projection onto the plane (ie the angle between L and L"), but is
most easily determined by first finding the angle between L and

the normal to the plane, and subtracting this from %

If 0 is the angle between L and the normal to the plane, then

2\ /3
<_11)<—21) _6-2-1 _ 3 321 21
VA+1+1V9+4+1  V6vid  2v21  2(21) 14

cosf =

The required angle is then arcsin (%) = 19.107° = 19.1° (1dp)

(iii) [Note that "parallel to the plane” means parallel to a vector in
the plane, and therefore perpendicular to the normal to the plane.
The required vector is also perpendicular to the plane containing
Land L'.]

As the required vector is perpendicular to both the normal to the
plane and L, we can use the vector product:

3 AN L
<2>x<—1>=[ 2 “lY=i-5j-7k
—-1 1 k-1 1
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[A useful check is that the scalar product with the original vectors

is zero. Thus 3(1) + 2(—5) + (—1)(—7) = 0]

(iv) L' passes through P and its direction is perpendicular to both

i —5j — 7k (from (iii)) and the normal to the plane.

So its direction vector is

1 3y ¢ 13
(—5>x<z>=1_' =5 2(=19i-20j+ 17k
—7 —1 kK -7 -1

5 19
So a vector equation of L'is: r = (—2) + A (—20), from (i).
5 17

(v) If the required angle is ¢, then

2 19
-1 ]| —-20
1 17 _ 38+20+17

cos¢p = =
¢ Va+1+14/361+400+289 V6V1050
75 75 15 5v7

- 24/34/525 - 2/3(5)Vv21 - 23)V7 ~ 14

and hence ¢ = arccos (51—\7) = 19.107° = 19.1° (1dp) (as in (ii))
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