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Trigonometry – Small angle approximations  

(2 pages; 15/4/21) 

 
These can be derived for 𝑠𝑖𝑛𝑥 & 𝑐𝑜𝑠𝑥 from their Maclaurin 
expansions [See " Maclaurin Series"]. 
 

Thus   sin𝑥 = 𝑥 −
𝑥3

3!
+  

𝑥5

5!
 −  

𝑥7

7!
+  …    ⇒ 𝑠𝑖𝑛𝑥 ≈ 𝑥 for small 𝑥, 

 
 

&  cos𝑥 =  1 −
𝑥2

2!
+  

𝑥4

4!
 −  

𝑥6

6!
+  …  ⇒ cos𝑥 ≈  1 −

𝑥2

2
  for small 𝑥 

 
Alternative derivation 

 
 
 
 
 
 
 
 

 
For  𝒔𝒊𝒏𝒙 ≈ 𝒙: 
 
△ 𝑂𝐴𝐵 < 𝑠𝑒𝑐𝑡𝑜𝑟𝑂𝐴𝐵 < △ 𝑂𝐴𝐶 , 
 

so that  
1

2
𝑟2𝑠𝑖𝑛𝑥 <

1

2
𝑟2𝑥 <

1

2
𝑟(𝑟𝑡𝑎𝑛𝑥) 

 

and hence  1 <
𝑥

𝑠𝑖𝑛𝑥
<

1

𝑐𝑜𝑠𝑥
 

 

As 𝑥 → 0,
1

𝑐𝑜𝑠𝑥
→ 1 (from above); 

 

ie we can make  
1

𝑐𝑜𝑠𝑥
 as close to 1 as we please, 

 

and then   
𝑥

𝑠𝑖𝑛𝑥
≈ 1;  ie  𝑠𝑖𝑛𝑥 ≈ 𝑥 for small 𝑥 
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For 𝐜𝐨𝐬𝒙 ≈  𝟏 −
𝒙𝟐

𝟐
 : 

 
Starting with  𝑐𝑜𝑠(2𝜃) = 𝑐𝑜𝑠2𝜃 − 𝑠𝑖𝑛2𝜃 = 1 − 2𝑠𝑖𝑛2𝜃, 
 

and writing 𝑥 = 2𝜃,  we have  𝑐𝑜𝑠𝑥 = 1 − 2𝑠𝑖𝑛2 (
𝑥

2
) 

 

Then, for small 𝑥, 𝑐𝑜𝑠𝑥 ≈ 1 − 2 (
𝑥

2
)

2
= 1 −

𝑥2

2
 

 
 


