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Series: Further Exercises (with Sol'ns)

(16 pages; 27/3/26)

By considering Y7, (r + 1)3 — ¥"_, r3 (*), show that

nrt= %n(n + 1)(2n + 1) [assuming that ), r = %n(n + 1)]
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By considering Y7, (r + 1)3 — ¥"_, r3 (*), show that

nrt= %n(n + 1)(2n + 1) [assuming that }))'_, r = %n(n + 1)]
Solution

() =3QF=17?) +3C&71m) +n
Also,(")=(m+1)° -1

Hence 3(X™_,73) =(n+1)3—-1— %n(n +1) —n
>6_ ) =Mm+D20*+2n+1)—2—3n}
= (n+ 1)(2n? + n)

=n(n+1D2n+1)

> Y1, =n(n+ 1)(2n+1)
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By considering Y."'_,(r + 1)*, show that

nrd= inz (n+ 1)? [Theresults for ¥7'_;r and Y"_,r?% can

be assumed.]
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By considering Y.7'_,(r + 1)*, show that

n.rs —nz(n + 1)
Solution
Zl(r+ D* = <Zr4>+4<Zr3>+6<2r2>+4<;r>+n

Let R=7+1,sothat LHS= Y3 R* = r_ RH+(n+ 1D* -1

Thus (U= RN+ (n+ D* —1=Qr ") +4Q7- %) +
6(21‘ 1T2) + 4‘(Zr=1 T') +n

andso (m+D*—1=4Q"_ )+ 6 r*) +4Q" 1) +n

Hence 43T r3) =n*+4n3+6n°* +4n—nn+1)2n+1) —
2n(n+1)—n

=n*+4n3+6n’+4n—-2n3+3n°+n)—-2n*-2n—-n
=n*+2n3+n? =n*n?*+2n+1) =n?(n+ 1)>

and Y"_,r3 —nz(n+1)2
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Starting from Y. (r + 1)? = Qo r?) + 200, 7) + 1,

make the substitution R =r + 1,

to prove that }}_,r = %n(n + 1)
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Starting from Y. (r + 1)?2 = Qo 2 + 200, 7) + 1,

make the substitution R =r + 1,

to prove that )}, r = %n(n + 1)

Solution

Let R =r + 1, so that

LHS = Y35 R? = BR=1 R+ (n+ D* -1

Thus (XR=1R)D +(n+1)? —1= R r®) + 2XF7r) +n,
As (XR_,R?) and (3., r?) are equal, it follows that

2¥" r=(m+1)?—-1-n=n*+n=nn+1)

andso Y} r = %n(n + 1)

Note: This method is a variant on the "Method of Differences".
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. 2r+1 1 1 .
Given that ———— = = — , use the method of differences to
r2(r+1)2 r2  (r+1)2
2r+1

find )7

r=1 r2(r+1)2
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Given that 22T+1 -t1__1 , use the method of differences to
r2(r+1)2 r2  (r+1)2
. n 2r+1
find X7 Y
Solution
n 2r+1  _op 11
r=l,20p41)2 = “T=102 0 (441)2
1 11 1 1
=Gttt ot e
1 1 1 1 1
—([2—2 + 32 + 2z + ﬁ] + (n+1)2)

As the terms in square brackets cancel:

1 1 (n+1)?-1
T 12 (n+1)2 0 (n+1)2
_ n%+2n
T (n+1)2

nn+2)

T (n+1)2
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Given that ot , use the method of differences to
2r  2(r+2) r(r+2)
. n 1
find 27—, r(r+2)



fmng.uk
1

. 1
Given that ; - 2(r+2) - r(r+2)

1

, use the method of differences to

Solution

1
n_ _ n
r(r+2) = Qr=13; 2r ( r=1 2(r+2))

1 1 1 1 1 1 1
— (E tet [E tgtot 2(n—2) T 2(n—-1) T E])

1,1 1 1 1
B ([g + g t Z] + (2n+2) t (2n+4))
As the terms in square brackets cancel:

1 . 1
(2n+2) (2n+4)

1 1
=—-+4-—
2 4

3 1 1

4 2(n+1)  2(n+2)

[For exam purposes, it may not be necessary to write this as a
single fraction.]

= m{3(n +1)(n+2)—-2n+2)—2(n+ 1)}

_ 1 2 O — A — Iy —
—4(n+1)(n+2){3n +9n+6—2n—4-—2n-2}

= 4(n+1)(n+2) {3n + Sn}

__ n(3n+5)
T 4(n+1)(n+2)

[This can be checked by substituting n = 1.]
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. 1 2 1 8
Given that — + = ,use the method
2r—-1  2r+1  2r+3 (2r-1)(2r+1)(2r+3)

of differences to show that

n 1 o n(n+2)
=1 r_1)2r+1)(2r+3)  3(2n+1)(2n+3)
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. 1 2 1 8
Given that 5 — use the method

-1 2r+1 | 2r+3 (2r-1)(2r+1)(2r+3)’
of differences to show that

n 1 . n(n+2)
=1 r—1)(2r+1)(2r+3)  3(2n+1)(2n+3)

Solution
1 1 1 2 1
n e w1 ] _\n n
=1 (2r—1)(2r+1)(2r+3) 8 {2r=1 2r—1 r=12p41 *2r=1 2r+3}
1.1 1 1.1 1 1 1
=ttt ottt ——+
g1 3 ' 5 ' 7 2n-5  2n-3 = 2n—-1

—2(; + EENENEEE |
3 5 7 9 2n-3 2n—1 2n+1

1 1 1
n—1 2n+1 2n+3

+l+l+l+i+...+ }
5 7 9 11 2

As the highlighted items cancel:

1 1 1

1
=l s matons

_ 2(2n+1)(2n+3)-3(2n+3)+3(2n+1)
a 24(2n+1)(2n+3)

_ 8n2+16n

T 24(2n+1)(2n+3)

. n(n+2)

T 3(2n+1)(2n+3)
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Given that 41 r+2 T r+3  (r+1)(r+2)(r+3)

. " 1 o n(n+5)
differences to show that »"_, D12 +3)  12(m+2)(n+3)

, use the method of

13
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2 1 2

. 1 f—
Given that 41 r+2 T r+3  (r+1)(r+2)(r+3)

. n 1 . n(n+5)
differences to show that »"_, D12 13) . 12(m+2)(n+3)

, use the method of

Solution
n 1 _leym 1y 2 igm L
=1 ey 1) (r4+2)(r+3) 2 {ZT=1r+1 =142 t 2r=1 r+3}
1.1 1 1 1 1 1 1

=Ty tatst ot gttt

N
n—1

1 1 1 1 1 1 1
Gt tst ottt o T

1 1 1 1 1 1
+Z+E+m+;+n+1+n+2+n+3)}

As the highlighted items cancel:

1.1 1 1 1
=—{—————+—
22 3 n+2 n+3

_ (n+2)(n+3)-6(n+3)+6(n+2)
n 12(n+2)(n+3)

n%+5n
12(n+2)(n+3)

n(n+5)
12(n+2)(n+3)
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Show that Y:3%, rtan(60r)” = —k+/3
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Show that Y:3%, rtan(60r)” = —k+/3
Solution

3k rtan(60r)’
Consider
tan 60° + 2tan120° + 3tan180° = v/3 + 2tan (120 — 180)°
+3tan0°
= 3 + 2tan(—60°) + 0
=v3-2(vV3)=—V3
Also, 4tan 240 ° + 5tan300° + 6tan360°
= 4tan(240 — 180) ° + 5 tan(300 — 360)° + 0
= 4 tan(60°) + 5tan (—60°)
=4/3-5V3=—/3
In general, (3p+1)tan(60(3p + 1))
+(3p+2)tan(60(3p + 2))
+(3p+3)tan(60(3p + 3))°
= (3p + 1)tan60° + (3p + 2) tan(120°)
+(3p + 3)tan [180(p + 1)]°
= (3p+ 1)V3+ (3p + 2)tan(—60°) + 0
=@Bp+DV3-Bp+2)V3=-3

So, as Y3k rtan(607r)° has k groups of expressions of the

previous form, it equals = —kV3
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