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STEP - Series 

 

Triangular numbers are defined as follows: 

𝑇𝑟 =
1

2
𝑟(𝑟 + 1)  for integer 𝑟 ≥ 1 

Prove that ∑
1

𝑇𝑟

∞
𝑟=1 = 2 
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Solution 

∑
1

𝑇𝑟

∞
𝑟=1 = 2 ∑

1

𝑟(𝑟+1)
= 2 ∑ (

1

𝑟
−

1

𝑟+1
)∞

𝑟=1
∞
𝑟=1   

= 2 {(
1

1
+

1

2
+

1

3
+ ⋯ ) − (

1

2
+

1

3
+ ⋯ )} = 2  
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Perfect powers are defined as follows: 

𝑚𝑘  for integer 𝑚 ≥ 2 & integer 𝑘 ≥ 2 

Prove that the sum of the reciprocals of all perfect powers is 1 

(including duplicates; eg 42 = 24). 
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Solution 

∑ ∑
1

𝑚𝑘
∞
𝑘=2

∞
𝑚=2 = ∑

1

𝑚2

1−
1

𝑚

= ∑
1

𝑚(𝑚−1)
= ∑ (

1

𝑚−1
−

1

𝑚
)∞

𝑚=2
∞
𝑚=2

∞
𝑚=2   

= (
1

1
+

1

2
+

1

3
+ ⋯ ) − (

1

2
+

1

3
+ ⋯ ) = 1  
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∑ 𝑟𝑎𝑟∞
𝑟=1   
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Solution 

∑ 𝑟𝑎𝑟 = 𝑎
𝑑

𝑑𝑎
∞
𝑟=1 ∑ 𝑎𝑟 = 𝑎

𝑑

𝑑𝑎
(

𝑎

1−𝑎
) ∞

𝑟=1   (when |𝑎| < 1) 

= 𝑎 .
(1−𝑎)−𝑎(−1)

(1−𝑎)2 =
𝑎

(1−𝑎)2  


