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Probability Generating Functions (Discrete RVs) 

 

𝐺𝑋(𝑠) = 𝐸(𝑠𝑋) = ∑ 𝑝𝑘𝑠𝑘∞
𝑘=0   

 

For  𝐵(𝑛, 𝑝): 

𝐺𝑋(𝑠) = ∑ (
𝑛
𝑘

) 𝑝𝑘𝑞𝑛−𝑘𝑠𝑘𝑛
𝑘=0 = ∑ (

𝑛
𝑘

) (𝑝𝑠)𝑘𝑞𝑛−𝑘𝑛
𝑘=0 = (𝑞 + 𝑝𝑠)𝑛  

 

Find the PGF for 𝑋~𝑃𝑜(𝜆)  [𝑃(𝑋 = 𝑘) =
𝑒−𝜆𝜆𝑘

𝑘!
] 
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𝐺𝑋(𝑠) = ∑
𝑒−𝜆𝜆𝑘

𝑘!
𝑠𝑘∞

𝑘=0 = 𝑒−𝜆 ∑
(𝜆𝑠)𝑘

𝑘!
=∞

𝑘=0  𝑒−𝜆(𝑒𝜆𝑠) = 𝑒𝜆(𝑠−1) 

 

  



  fmng.uk 

3 
 

𝐺𝑋(𝑠) = ∑ 𝑝𝑘𝑠𝑘∞
𝑘=0   

 

So 𝐺𝑋
′ (𝑠) = ∑ 𝑘𝑝𝑘𝑠𝑘−1∞

𝑘=0    

 

and 𝐺𝑋
′ (1) = 𝐸[𝑋]  

 

Similarly,  𝐺𝑋
′′(1) = 𝐸[𝑋(𝑋 − 1)]   

 

Find an expression involving the derivatives of 𝐺𝑋(𝑠) for 𝑉𝑎𝑟(𝑋) 
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𝑉𝑎𝑟(𝑋) = 𝐸(𝑋2) − [𝐸(𝑋)]2  

= 𝐸[𝑋(𝑋 − 1)] + 𝐸[𝑋] − [𝐸(𝑋)]2   

= 𝐺𝑋
′′(1) + 𝐺𝑋

′ (1) − [𝐺𝑋
′ (1)]2   

 

If  𝑋~𝑃𝑜(𝜆), prove that  𝑉𝑎𝑟(𝑋) = 𝜆 , given that 𝐺𝑋(𝑠) = 𝑒𝜆(𝑠−1) 
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 𝐺𝑋(𝑠) = 𝑒𝜆(𝑠−1)   

𝐺𝑋
′ (𝑠) = 𝜆𝑒𝜆(𝑠−1) & 𝐺′′𝑋

 (𝑠) = 𝜆2𝑒𝜆(𝑠−1)  

𝑉𝑎𝑟(𝑋) = 𝐺𝑋
′′(1) + 𝐺𝑋

′ (1) − [𝐺𝑋
′ (1)]2  

= 𝜆2 + 𝜆 − 𝜆2 = 𝜆  
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Given that  𝐺𝑋(𝑠) =
𝑝𝑠

1−𝑞𝑠
 , what is the distribution of 𝑋? 
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[𝐺𝑋(𝑠) =
𝑝𝑠

1−𝑞𝑠
 ] 

𝐺𝑋(𝑠) = 𝑝𝑠(1 + 𝑞𝑠 + (𝑞𝑠)2 + ⋯ )  

The coefficient of 𝑠𝑘 is 𝑝𝑘 = 𝑝𝑞𝑘−1 

So X has a Geometric distribution. 
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If 𝑋 & 𝑌 are independent random variables, then 

𝐺𝑋+𝑌(𝑠) = 𝐺𝑋(𝑠)𝐺𝑌(𝑠)  

Proof 

𝐺𝑋+𝑌(𝑠) = 𝐸(𝑠𝑋+𝑌) = 𝐸(𝑠𝑋𝑠𝑌)  

= 𝐸(𝑠𝑋)𝐸(𝑠𝑌)  (by independence) 

= 𝐺𝑋(𝑠)𝐺𝑌(𝑠)  

 

PGF of Negative Binomial distribution? 

𝑋 = 𝑋1 + ⋯ + 𝑋𝑛 , where 𝑋𝑖~𝐺𝑒𝑜(𝑝) 
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𝐺𝑋𝑖
(𝑠) =

𝑝𝑠

1−𝑞𝑠
 , so  𝐺𝑋(𝑠) = (

𝑝𝑠

1−𝑞𝑠
)

𝑛
 

 

𝐸(𝑋) =?  
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𝐺𝑋(𝑠) = (
𝑝𝑠

1−𝑞𝑠
)

𝑛
  

So 𝐺𝑋
′ (𝑠) = 𝑛 (

𝑝𝑠

1−𝑞𝑠
)

𝑛−1
.

(1−𝑞𝑠)𝑝−𝑝𝑠(−𝑞)

(1−𝑞𝑠)2  

and 𝐸(𝑋) = 𝐺𝑋
′ (1) = 𝑛 (

𝑝

1−𝑞
)

𝑛−1
.

(1−𝑞)𝑝−𝑝(−𝑞)

(1−𝑞)2   

= 𝑛
𝑝

𝑝2 =
𝑛

𝑝
  


