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STEP – Integration  

 

How to convert from: 

(i) ∫ 𝑓(𝑥)𝑑𝑥
∞

0
  to  ∫  

0

∞
𝑔(𝑥)𝑑𝑥   

(ii) ∫ 𝑓(𝑥)𝑑𝑥
𝑎

0
  to  ∫  

0

𝑎
𝑔(𝑥)𝑑𝑥 
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Solution 

(i) ∫ 𝑓(𝑥)𝑑𝑥
∞

0
  to  ∫  

0

∞
𝑔(𝑥)𝑑𝑥   

Let 𝑢 =
1

𝑥
 

(ii) ∫ 𝑓(𝑥)𝑑𝑥
𝑎

0
  to  ∫  

0

𝑎
𝑔(𝑥)𝑑𝑥 

Let 𝑢 = 𝑎 − 𝑥 
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Simplify: 

(i) ∫ 𝑓(−𝑥) 𝑑𝑥
𝑎

−𝑎
    

(ii) ∫ 𝑓(a − 𝑥) 𝑑𝑥
𝑎

0
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Solution 

(i) ∫ 𝑓(−𝑥) 𝑑𝑥 = ∫ 𝑓(𝑥) 𝑑𝑥
𝑎

−𝑎

𝑎

−𝑎
    

 

 

 

 

 

 

 

(ii) ∫ 𝑓(a − 𝑥) 𝑑𝑥
𝑎

0
= ∫ 𝑓(𝑥) 𝑑𝑥

𝑎

0
  

[Let 𝑢 = 𝑎 − 𝑥 , so that 𝑑𝑢 = −𝑑𝑥   and 

∫ 𝑓(a − 𝑥) 𝑑𝑥
𝑎

0
= ∫ 𝑓(u) (−du) = ∫ 𝑓(𝑢) 𝑑𝑢 = ∫ 𝑓(𝑥) 𝑑𝑥

𝑎

0

𝑎

0

0

a
 ] 
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𝐼 = ∫ √1 − 𝑥2𝑑𝑥   
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Solution 

(speculative substitution) 

Let 𝑥 = 𝑠𝑖𝑛𝜃,  so that 𝑑𝑥 = 𝑐𝑜𝑠𝜃 𝑑𝜃 

Then  𝐼 = ∫ 𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜃𝑑𝜃 =
1

2
∫ 1 + 𝑐𝑜𝑠2𝜃 𝑑𝜃 
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𝐼 = ∫ tan 𝑥  𝑑𝑥    
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Solution 

(integrating to find substitution) 

=  ∫
sin 𝑥

cos 𝑥
  𝑑𝑥   

Integrating 𝑠𝑖𝑛𝑥  to give  −𝑐𝑜𝑠𝑥  reveals that the substitution 

𝑢 = 𝑐𝑜𝑠𝑥  will work:  𝑑𝑢 = −𝑠𝑖𝑛𝑥 𝑑𝑥,  

so that 𝐼 = − ∫
1

𝑢
𝑑𝑢 = −𝑙𝑛𝑢 = − ln(𝑐𝑜𝑠𝑥) = ln (𝑠𝑒𝑐𝑥)  
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𝐼 = ∫ 𝑠𝑒𝑐4𝜃 𝑑𝜃  
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Solution 

𝐼 = ∫ 𝑠𝑒𝑐2𝜃(1 + 𝑡𝑎𝑛2𝜃)𝑑𝜃  

[Spotting that ∫ 𝑠𝑒𝑐2𝜃 𝑑𝜃 = 𝑡𝑎𝑛𝜃] Let 𝑢 = 𝑡𝑎𝑛𝜃,  

so that 𝑑𝑢 = 𝑠𝑒𝑐2𝜃 𝑑𝜃, and  𝐼 = ∫ 1 + 𝑢2 𝑑𝑢 
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𝐼 = ∫
1

1+𝑐𝑜𝑠𝑥
 𝑑𝑥  
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Solution 

𝐼 = ∫
1−𝑐𝑜𝑠𝑥

1−𝑐𝑜𝑠2𝑥
 𝑑𝑥 = ∫

1−𝑐𝑜𝑠𝑥

𝑠𝑖𝑛2𝑥
 𝑑𝑥  

= ∫ 𝑐𝑜𝑠𝑒𝑐2𝑥 𝑑𝑥 − ∫
𝑐𝑜𝑠𝑥

𝑠𝑖𝑛2𝑥
 𝑑𝑥 (and these can both be determined) 
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𝐼𝑛 =  ∫ 𝑥𝑛𝑒−𝑥  𝑑𝑥
1

0
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Solution 

(Recurrence relation) 

Integrating 𝑒−𝑥   and differentiating  𝑥𝑛 gives: 

𝐼𝑛 = [  −𝑒−𝑥  𝑥𝑛 ]
1
0

   − ∫ −𝑛𝑥𝑛−1𝑒−𝑥 𝑑𝑥
1

0
 

=   −𝑒−1 + 0  + 𝑛𝐼𝑛−1 

Thus   𝐼𝑛 =  𝑛𝐼𝑛−1 −𝑒−1 

 

 


