
  fmng.uk 

1 
 

Expectation & Variance 

 

A pdf is defined as follows: 

𝑃(𝑋 = 𝑥) = 𝑘(10 − 𝑥)    𝑥 = 0,1,2, …,9 

                   = 0                   otherwise 

Find 𝐸(𝑋) 
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∑ 𝑘(10 − 𝑥) = 19
𝑥=0   

⇒ 10𝑘(10) − 𝑘 ∑ 𝑥9
𝑥=1 = 1  

⇒ 𝑘 {100 −
1

2
(9)(10)} = 1  

⇒ 𝑘 =
1

55
  

 

𝐸(𝑋) = ∑ (
1

55
) (10 − 𝑥)𝑥 =

10

55
∑ 𝑥9

0  − (
1

55
) ∑ 𝑥29

𝑥=0
9
𝑥=0   

=
10

55
(

1

2
) (9)(10) − (

1

55
) (

1

6
) (9)(10)(19)  

=
1

55
(450 − 285) =

165

55
=

33

11
= 3  
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𝐸[𝑔(𝑋)] = ∑ 𝑔(𝑥)𝑃(𝑋 = 𝑥)𝑥    

 

𝐸[𝑎𝑋 + 𝑏] = ∑ (𝑎𝑥 + 𝑏)𝑃(𝑋 = 𝑥)𝑥   

= [𝑎 ∑ 𝑥𝑃(𝑋 = 𝑥)] +𝑥 𝑏 ∑ 𝑃(𝑋 = 𝑥)𝑥    

= 𝑎𝐸(𝑋) + 𝑏  
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𝑉𝑎𝑟(𝑋) = 𝐸[(𝑋 − 𝜇)2]  

Show that this can be written as  𝐸(𝑋2) − 𝜇2 
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𝑉𝑎𝑟(𝑋) = 𝐸[(𝑋 − 𝜇)2]  

= 𝐸[𝑋2 − 2𝑋𝜇 + 𝜇2]  

= ∑ (𝑥2 − 2𝑥𝜇 + 𝜇2)𝑃(𝑋 = 𝑥)𝑥   

= [∑ 𝑥2𝑃(𝑋 = 𝑥)𝑥 ] − [2𝜇 ∑ 𝑥𝑃(𝑋 = 𝑥)]𝑥 + 𝜇2 ∑ 𝑃(𝑋 = 𝑥)𝑥    

= 𝐸(𝑋2) − 2𝜇𝐸(𝑋) +  𝜇2  

= 𝐸(𝑋2) − 2𝜇2 + 𝜇2  

= 𝐸(𝑋2) − 𝜇2  
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Prove that 𝑉𝑎𝑟(𝑎𝑋 + 𝑏) = 𝑎2𝑉𝑎𝑟𝑋  
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𝑉𝑎𝑟(𝑎𝑋 + 𝑏) = 𝐸[(𝑎𝑋 + 𝑏)2] − [𝐸(𝑎𝑋 + 𝑏)]2  

= 𝐸[𝑎2𝑋2 + 2𝑎𝑏𝑋 + 𝑏2] − [𝑎𝐸(𝑋) + 𝑏]2  

= 𝑎2𝐸(𝑋2) + 2𝑎𝑏𝐸(𝑋) + 𝑏2 − [𝑎2[𝐸(𝑋)]2 + 2𝑎𝑏𝐸(𝑋) + 𝑏2]  

= 𝑎2𝐸(𝑋2) − 𝑎2[𝐸(𝑋)]2  

= 𝑎2𝑉𝑎𝑟𝑋  
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The random variables 𝑋𝑖  , for 𝑖 = 1 to 100,  are independent, and  

𝑃(𝑋𝑖 = 1) = 𝑃(𝑋𝑖 = −1) =
1

2
 

Find: 

(i) 𝑉𝑎𝑟(𝑋1)  

(ii) 𝑉𝑎𝑟(𝑋1 + 𝑋2 + ⋯ + 𝑋100)  

(iii) 𝑉𝑎𝑟(100𝑋1)  

(iv) 𝑉𝑎𝑟(𝑋1 − 𝑋2)  
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Solution 

(i) 𝑉𝑎𝑟(𝑋1) = 𝐸(𝑋1
2) − (𝐸(𝑋1))2   

= {
1

2
 .1 +

1

2
. 1} − 0 = 1   

(ii) 𝑉𝑎𝑟(𝑋1 + 𝑋2 + ⋯ + 𝑋100) 

= 𝑉𝑎𝑟(𝑋1) + 𝑉𝑎𝑟(𝑋2) + ⋯ + 𝑉𝑎𝑟(𝑋100)   

(as the 𝑋𝑖  are independent) 

= 100(1) = 100  

(iii) 𝑉𝑎𝑟(100𝑋1) = 1002𝑉𝑎𝑟(𝑋1) = 10000  

(iv) 𝑉𝑎𝑟(𝑋1 − 𝑋2) = 12𝑉𝑎𝑟(𝑋1) + (−1)2𝑉𝑎𝑟(𝑋2) 

= 1 + 1 = 2   
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Where 𝑋 & 𝑌 are not necessarily independent: 

𝑉𝑎𝑟(𝑎𝑋 ± 𝑏𝑌) = 𝑎2𝑉𝑎𝑟𝑋 + 𝑏2𝑉𝑎𝑟𝑌 ± 2𝑎𝑏𝐶𝑜𝑣(𝑋, 𝑌),  

where  𝐶𝑜𝑣(𝑋, 𝑌) = 𝐸(𝑋𝑌) − 𝐸(𝑋)𝐸(𝑌) 


