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Continuous distributions 

 

∫ 𝑓(𝑥)𝑑𝑥 = 1
∞

−∞
  

𝐸(𝑋) = ∫ 𝑥𝑓(𝑥)𝑑𝑥
∞

−∞
  

Cumulative Distribution Function (CDF):  

𝐹(𝑥) = ∫ 𝑓(𝑡)𝑑𝑡
𝑥

−∞
   (𝐹(−∞) = 0;   𝐹(∞) = 1)  

 

How can the median 𝑀 be defined? 
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∫ 𝑓(𝑥)𝑑𝑥 =
1

2

𝑀

−∞
  

 

How can the mode 𝑚 be defined? 
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𝑓′(𝑥) = 0  when 𝑥 = 𝑚 
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Example 

Consider the random variable 𝑋 with pdf 

𝑓𝑋(𝑥) = 1  for 0 ≤ 𝑥 ≤ 1, and 0 elsewhere 

[∫ 1 𝑑𝑥 = [𝑥]1
0

= 1
1

0
] 

 

The CDF of 𝑋 is: 

𝐹𝑋(𝑥) = 0 for 𝑥 < 0, 

                𝑥  for 0 ≤ 𝑥 ≤ 1 

                1  for 𝑥 > 1 

 

To find the pdf of 𝑌 = 𝑋2: 

𝐹𝑌(𝑦) = 𝑃(𝑌 ≤ 𝑦) = 𝑃(𝑋2 ≤ 𝑦) = 𝑃(𝑋 ≤ √𝑦)  

= 𝐹𝑋(√𝑦) = √𝑦  

Then the pdf of 𝑌, 𝑓𝑌(𝑦) =
𝑑

𝑑𝑦
𝐹𝑌(𝑦) 

=
𝑑

𝑑𝑦
√𝑦 =

1

2√𝑦
  (for 0 < 𝑦 ≤ 1) 

[∫
1

2√𝑦
 𝑑𝑦 = [√𝑦]

1
0

= 1
1

0
] 

 

Note: Work with the CDF  
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Find 𝐸(𝑌): 

(a) from ∫ 𝑦
1

0
𝑓𝑌(𝑦)𝑑𝑦 

(b) from ∫ 𝑥21

0
𝑓𝑋(𝑥)𝑑𝑥 
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Solution 

(a) 𝐸(𝑌) = ∫ 𝑦
1

0
𝑓𝑌(𝑦)𝑑𝑦 = ∫ 𝑦

1

0
.

1

2√𝑦
𝑑𝑦 

=
1

2
∫ √𝑦

1

0
𝑑𝑦 =

1

2
[

𝑦
3
2

(
3

2
)
]
1
0

 =
1

3
 

 

(b) 𝐸(𝑌) = ∫ 𝑥21

0
𝑓𝑋(𝑥)𝑑𝑥 = ∫ 𝑥21

0
𝑑𝑥 = [

1

3
𝑥3]

1
0

=
1

3
 

 

 


