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STEP 2023, Paper 3, Q7  Solution (4 pages; 30/6/25) 
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(i) Writing 𝑥 = 𝑢2 , where 𝑢 ≥ 0, 𝑑𝑥 = 2𝑢 𝑑𝑢, 

and ∫ 𝑓(√𝑥)𝑑𝑥 = ∫ 𝑓(𝑢). 2𝑢 𝑑𝑢
1

0
  

1

0
  or  2 ∫ 𝑥𝑓(𝑥) 𝑑𝑥

1

0
 

 

(ii) 1st Part 

∫ (𝑔(𝑥) − 𝑥)2 𝑑𝑥 = ∫ (𝑔(𝑥))2 𝑑𝑥 + ∫ 𝑥2 𝑑𝑥 − 2 ∫ 𝑥𝑔(𝑥)𝑑𝑥
1

0

1

0

1

0

1

0
  

= [∫ 𝑔(√𝑥) 𝑑𝑥 −
1

3
 ]

1

0
+ [

1

3
𝑥2]

1
0

− ∫ 𝑔(√𝑥) 𝑑𝑥
1

0
 , from (i) 

= −
1

3
+ (

1

3
− 0) = 0, as required.  

 

2nd Part 

Suppose that 𝑔(𝑥) ≠ 𝑥 for some 𝑥 𝜖 [0,1] 

As 𝑔 is a continuous function, 𝑔(𝑥) ≠ 𝑥 for some interval of  

𝑥 𝜖 [0,1], so that (𝑔(𝑥) − 𝑥)2 > 0 for some such interval. 

But then ∫ (𝑔(𝑥) − 𝑥)2 𝑑𝑥 > 0,
1

0
  as  (𝑔(𝑥) − 𝑥)2 ≥ 0 for all 𝑥; 

and this contradicts the fact that ∫ (𝑔(𝑥) − 𝑥)2 𝑑𝑥 = 0
1

0
 

Thus 𝑔(𝑥) = 𝑥 for 𝑥 𝜖 [0,1] ; ie for 0 ≤ 𝑥 ≤ 1 

 

(iii) Let 𝑔(𝑥) = ℎ′(𝑥) 

Then ∫ (𝑔(𝑥))2 𝑑𝑥 = ∫ (ℎ′(𝑥))2 𝑑𝑥
1

0

1

0
  

= 2ℎ(1) − 2 ∫ ℎ(𝑥)𝑑𝑥 −
1

3

1

0
  (*) 

And ∫ 𝑔(√𝑥) 𝑑𝑥
1

0
= 2 ∫ 𝑥𝑔(𝑥) 𝑑𝑥

1

0
, from (i); 
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= 2[𝑥ℎ(𝑥)]1
0

− 2 ∫ ℎ(𝑥)𝑑𝑥
1

0
 , by Parts; 

= 2ℎ(1) − 0 − 2 ∫ ℎ(𝑥)𝑑𝑥
1

0
 , 

and so, from (*) : ∫ (𝑔(𝑥))
2

 𝑑𝑥 = ∫ 𝑔(√𝑥) 𝑑𝑥
1

0
−

1

3

1

0
 ; 

then, from (ii), ∫ (ℎ′(𝑥) − 𝑥)2 𝑑𝑥 = 0
1

0
  [noting that we haven’t  

relied on 𝑔 = ℎ′ being continuous] 

Then it follows that ℎ′(𝑥) = 𝑥, except possibly for isolated values 

of 𝑥. 

And so ℎ(𝑥) =
1

2
𝑥2 + 𝐶, and this applies to all 0 ≤ 𝑥 ≤ 1, in order 

for ℎ to be continuous. 

Then, as ℎ(0) = 0, ℎ(𝑥) =
1

2
𝑥2  

 

(iv) Consider ∫ (𝑒
𝑎𝑥

2 𝑘(𝑥) − 𝑒−
𝑎𝑥

2 )2𝑑𝑥
1

0
  

[Unfortunately, this starting point isn’t that obvious. A natural 

approach is to try to use either (iii), or (perhaps more 

promisingly) (ii). However, this would only be feasible if 𝑎 was 

already known.] 

= ∫ 𝑒𝑎𝑥(𝑘(𝑥))2𝑑𝑥 + ∫ 𝑒−𝑎𝑥 𝑑𝑥
1

0
− 2 ∫ 𝑘(𝑥)𝑑𝑥

1

0

1

0
  

  =
𝑒−𝑎

𝑎 − 1

𝑎2 − 1
4 + [− 1

𝑎 𝑒−𝑎𝑥]1
0

 

  =
𝑒−𝑎

𝑎 − 1

𝑎2 − 1
4 − 1

𝑎 (𝑒−𝑎 − 1) = − 1

𝑎2 − 1
4 + 1

𝑎 

= −
(4+𝑎2−4𝑎)

 4𝑎2   

= −
(𝑎−2)2

 4𝑎2   
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Now   ∫ (𝑒
𝑎𝑥

2 𝑘(𝑥) − 𝑒−
𝑎𝑥

2 )2𝑑𝑥
1

0
≥ 0, whilst = −

(𝑎−2)2

 4𝑎2 ≤ 0, 

and so 
(𝑎−2)2

 4𝑎2 = 0, and therefore 𝑎 = 2, 

and ∫ (𝑒
𝑎𝑥

2 𝑘(𝑥) − 𝑒−
𝑎𝑥

2 )2𝑑𝑥
1

0
= 0, 

so that  𝑒
𝑎𝑥

2 𝑘(𝑥) − 𝑒−
𝑎𝑥

2 = 0 for 0 ≤ 𝑥 ≤ 1, as in the 2nd Part of (ii); 

and hence 𝑘(𝑥) = 𝑒−𝑎𝑥 = 𝑒−2𝑥. 


