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STEP 2023, P2, Q1 - Solution (6 pages; 27/2/25)

2 . S L. .
1 (i) Show that making the substitution = = 7 in the integral

where b > a > 0, gives the integral
p—1
—t
/ e ST
Ja—1 (1 + 12)?

(ii) Evaluate:

2 1
(a) /—A——,_,-d.r:
Ji (14 22)3
2 1
(b) /—3(1.1'.
J-2 (1+x2)2

(iii) (a) Show that

* ! < 2 . & 4
/lmdl:/i deZ?A 1+I2df-

and hence evaluate

(b) Evaluate



(i) Let] = [] —— dx

(1+x2)2

1 p~1 _iz
,dx=—=dt,and I = [, —Z= dt
t2 a 1.2
(1+5)2
t

With x =

& | =

(Asa > 0&b > 0,tis defined throughout.)

-1 _
= fa—l —t3 dt , which gives the required integral.
(t2+1)2

1
(ii)(a) From (i), integral = [2 = dt
(t2+1)2

=f12 ‘ s dt

2 (t2+41)2

Let u = t?, so that du = 2t dt,

, A5
and the integral becomes [1 —2— du
2

4 (u+1)
1.1 1 4
== u+1) 2|1
;[ et D7
[ LA_L)_1
Vs [s] 5
4
(b) As ! 5 is an even function, integral = 2 foz ! 5 dx
(1+x2)2 (14x2)2
= 2lim [*—— dx (%)

c 2
c=0"" (1+x2)2

. 1 1
Withx =-,dx = — 5 dt,
t t
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1

5 dt

(*) = 2lim fz

d-eo (1+—)z

=2lim [ —— dt (*%)

d>®"3 (1241)2

Let u = t?, so that du = 2t dt,

and (**) becomes 2 lim f1 - du
d—00 7y (u+1)§
1 d?
= lim[—/@m+1) 2] 1
—00 (—= Z
4 44/5

[[°,—— dx = lim [ s dx (#)
(14x7)2 =07 "2 (1 4 x2y3
With x = ks ,dx = —izdt,
t’ t
d _1
(#) = lim [G—E5 dt

d—>—o0 =
2 (1432

1
= dl_l)moo fd 2 : s dt (##)
t (1+—)z
cannot be

For the domain of the integral, t < 0 and 3
£3(1+3)2

3
written as s,as t3(1+ %)5 < 0 whereas
(t2+1)2 t
3 3
(t2 4+ 1)z > 0 (t3 = t*%, but this doesn’t equal (t2)z if t < 0

in general, t%” = (t%)? is not valid for t < 0 unless both a & b are

3



integers)

Writing T = —t, so that dT = —dt,

(##) becomes llm fz
T3(1+—)2
= lim { ——— dT
D—oo "5 T3(1+Ti2)§
= lim [, - dT (###)

D=eo ™3 (T2+1)2

Letu = T?, so that du = 2T dT,

and (###) becomes lim [i 5
D=0y (u+1)5
1 1

(iii)(a) 1st Part

Consider J = fl

2)2

1

1 1
Lett =;,sothatdt = —— dx

en 2 ) 5
ThenJ = f<1+( ))(

xz

- (—1)dT

du
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2 1 2 1
B f% (t2+1)2 dt = f% (14x2)2 dx

2 x? :
Thus, f; i 2)2 dx = fz Tx7y 4% asrequired.
2rd Part
2 xZ 2 x%+1 2 1
Now, f% (1+x2)2 X =) > (1+x2)? - f% (1+x2)2
21 _
B % 1+x2 % (1+x2)?
2 2 x? 2 1
Hence, f% — dx = f% RISy dx + f% Ry dx

=2 fl 2)2 dx , from the 1st Part;

x? 1 2 :
so that f o X = E% — dx, asrequired.

3rd Part
1.2 1
Hence fl 2)2 dx = E% — dx
1 2
E[arctanx]
2

= %(arctanz — (g — arctanZ))

T
= arctan?2 — "

1-x

(b) Write I = i - dx

2 x(1+x2)2




Lett =i,sothatdt = -1 dx

2 t-1

2 t(t2+1)2

dt

xz

[,sothat] =0
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