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STEP 2022, P2, Q1 - Solution (3 pages; 18/7/23)

1

S(Bx
=

() [2V1 + x3dx = 2xV1 + x3 — [ 2x.2 ) dx (by Parts)

dx =2xVv1+x3+c¢

1+ x3

(ii) By Parts: f— dx == ( cosx) — [(—cosx).(—1)x"%dx

COoSX —
= ———— [ cosx.x™* dx

= — Cc;sx — [x%sinx — [ sinx. (—=2)x 73 dx]

[when integrating by Parts twice, the term that was differentiated
in the 1st application of Parts must also be differentiated in the
2nd gpplication, to avoid going round in circles]

COSX sinx sinx
=22 22 (22dx
————[2
smx CcoSX sinx
Hence [(x? +2) = = — —-—+c
X X

(i) @) y = <

Vertical asymptoteatx = 0

When x = § (where § is a small positive number), y > 0;

and whenx = -4,y < 0.
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Existence of horizontal asymptote

Asx - o,y > 00,andasx - —o0,y = 0~

Stationary points

dy _ xeX—e* x (x—1)

dx x2 x2

So there is a stationary pointatx = 1, wheny = e.

a’y 5 (x-1) X > 3y x (x2—2x42)
el e +e*(—x“+2x°)=e =
d? . ..
When x = 1,d—x)2/ > 0, so that there is a minimum at (1, e).
Gradient

2
Also,x2—2x+2=(x—1)2+1>0,sothat%>0(ie

: . : d?
increasing gradient) for x > 0, and d—szl <Oforx <0
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x
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(b) To solve:f — d = fzae— dx (%)

Consider fazaé dx = Eex] Zaa — faza e* (— xiz) dx (by Parts)

Then [2°< dx = [2°S dx = [Le¥] 2% =0
= —e20 —Zgd =
2a a

a = 0 is one solution of (¥)

Ifa #0, %ea — 1 =0, sothat e* = 2 and hence a = In2

: ne* ne* 1 n
(c) Asin (b), me dx = fm; dx = [;ex]m =0,
SO thatle" — lem = 0, and hencelen — lem (**)
n m n m

From the graph of y = %x, distinct m & n satisfying (**) are only

possible if 0 < m < 1, and so there are no distinct integers
satisfying (**).



