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STEP 2021, P2, Q7 - Solution (3 pages; 15/2/23)
(i) 1stpart
cosQ —sin(p)

R can be written (sin b cosd

and R+1 = (cosq’) +1 —sing )

(cos@ —sinf
sing cosp + 1

sinf  cosO ) for some 6

Then singg = sinf = (a) 0 = ¢ + 2kmor (b) 6 =m — ¢ + 2kn
Then cos¢ + 1 = cosf =
either, from (a):

cos¢p +1 = cos (¢p + 2km), so that cos¢ + 1 = cos¢, which has
no sol’ns;

or, from (b): cos¢p + 1 = cos (m — ¢ + 2kmn),
so that cos¢p + 1 = cos(m — ¢p) = —cos¢

and hence cos¢p = — % , 5o that ¢ = 120° or 240°

2nd part
The effect of R3 is a rotation of either 3 X 120° = 360°; ie |, or

3 X 240° = 720° ie 2 X 360°, and so I also.

(ii) 1st part
S3 =1=det(S3) =det(l) =1

As det(MN) = detM X detN, it follows that (detS)3 = 1, and
hence detS =1



2nd part

= D@ D=(ata Bra) O

and(a+d)5—1=(a+d)(z Z)_((l) (1))

=(az+da—1 ab + db ) 1)
ac + dc ad +d? —1

Thendet(I) =1 = ad — bc =1,

2
so that (1) = (?a 1_ ZE Ccllg i Zg) = 52, from (*)

3rd part

S?=(a+d)S—-1=>S3=(a+d)S*-S
=>Il=GQ@Q+D{(a+d)S—-1}-S5
S>@+d+DI={(a+d?*-1}S=G@+d+1D(a+d-1)S
Then eithera+d + 1 = 0 (**)

orl=(a+d—-1)S

:((1) (1’):(a+d—1)(‘cl Z)

Then a+d—1+#0,andsob =c =0,
and (a+d—-—1a=(a+d—-1)d =1,
sothata = d,and hence (2a—1)a =1
=>2a°—a—-1=0

_1+V/9 1

= a =1or —-
4 2

AsS #1,a # 1,andsoS=—%I

fmng.uk



fmng.uk
But then S3 = — %I + I, which contradicts the fact that S3 = I.

Thusa +d = -1, from (**)

(iii) S # I, as otherwise S + I = 21, but this isn’t a rotation;
contradicting the fact that S + I is a rotation

Then from (ii), a + d = —1,

so that S can be written as (a b )

c —1—a
and S + I can be written as (a 1_ 1 —ba)

As this is a rotation (S, say), cosf = a+1 & —a,

1
sothata=—%,and5+l= i Iz ,
2
so that f = 60 or 300, giving sinfi = g or — g
_1 B _1 B
Then S = \/; i or \/25 21 , and these are rotations
2 2 2 2

of 120° and 240°, respectively.

[It is tempting to argue as follows:
S3=1=283-1=0=>E-DE?*+S+D)=0
= eitherS=1orS*+S+1=0

But, for matrices it is not true that AB =0= A =0o0or B = 0]



