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STEP 2020, P3, Q9 - Solution (5 pages; 15/1/23)

M

A force diagram has been drawn for the rod. If the planes are
smooth, the only forces on the rod are the normal reactions R; at
P and R, at Q, as well as the weight of the rod, mg.

[In general terms, 3 equations can be obtained, of the following
forms:

(i) Resolving horizontally: a(6)R; + b(8)R, = 0
(ii) Resolving vertically: c(6)R; + d(6)R, = mg
(iii) Taking moments about the midpoint of the rod:
e(0)Ry + f(O)R; =0

We see that any solution must be of the form:

Ry = h(@)mg, R, = i(6)myg
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Also, referring to equations (i) & (iii): in order for there to be a

solution where R; and R, are not both zero, we require
a(6) b(8)| _
e(6) f(6)

solution R; = R, = 0]

0 [otherwise there would just be the single

[Alternatively, - ﬁ _b® _1®

a(6) e(0)
b(6) f(9)
that — 2@ - e’ ,and hence a(8)f(8) — b(8)e(8) = 0]

from (i), and 2 = from (iii), so
2

and this places a constraint on 6.]

The extra angles ¢; & ¢, have been introduced.
pr+0+@—[0+B]—[m—a-B]) =17,
so that ¢, =§— a

And ¢, + 0+ B ==,sothatp, =>—0 - f

Resolving forces horizontally,
Rycos¢,; = R,cos (¢, + 0)

0s (g—ﬁ) __sinp

R; cos (g—a) sina

SO that

Taking moments about the midpoint of the rod (of length [, say):
R]_ Sin(H + (pl) = RzSin(pz ,

R, _ sin(G—-6-B) 9
sothat ™t =22 % _ cos(O+P)
R, sin (9+E—a) cos (a—0)

. _ Ry sinf _ cos(6+B)
Equating the two expressions for R, sina _ cos(a—6)

= sinf(cosacosf + sinasinf) = sina(cosfcosf — sinfsinf)



dividing by cosfcosacosf [aiming to write in terms of
tanf, tana & tanf initially]:

= tanf (1 + tanatanf) = tana (1l — tanbtanf)
[then, aiming to make tan® the subject:]
= tanf(2tanatanf) = tana — tanf

= 2tanf = cotfl — cota, as required.
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(ii) Now there is an additional force, uR, acting down the plane

[1, (the rod is on the point of slipping down I1;; ie slipping up I1;,
and friction opposes motion or attempted motion), and in the
diagram 6 is replaced by ¢.

As before, ¢4 =§—a,butnow o- =§—q§ - B
Resolving forces horizontally,

Ricos¢y = R, cos(¢p, + ¢) + uR,cos (g — [ + ¢,1)

T
R cos(>—pB )+ucosp  sinB—pucos
so that =% = G 7)1 = Snpkcosp
R, cos (;—a) sina

Taking moments about the midpoint of the rod:
R; sin(¢p + ¢p1) = Rysing, — uR,cosp, ,

Ry _ SIn(5-9-F)-1cos G-$-F) _ cos(¢+B)-psin (+)
so that = = . 3 =
Ry sin (¢p+5-a) cos (a—¢)

: : R
Equating the two expressions for R—l:
2

sinf+ucosf _ cos(¢p+p)—pusin (¢p+p)
sina n cos (a—¢)

= (sinf + ucospP)(cosacosep + sinasing) =

[(cos¢pcosB — singsinf) — u(singcosf + cos¢psinf)]sina
= (tanf + u)(1 + tanatang) =

[(1 — tangtanB) — u(tang + tanpf)]tana

= tanf + tanftanatang + u + utanatang

= tana — tanatangtanf — utangtana — utanftana

= tanf + 2tanftanatang + u + 2utanatang

= tana — utanftana
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[then, aiming to make tang the subject, as the result to be proved

. _1 _ _ n .
is: tang = - (cotB — cota) T ——y (using the fact that

2tanf = cotfl — cota)]
= tan¢p{2tanftana + 2utana)

= —tanf — u + tana — utanftana

tana—tanf—u—utanatanf
2tana(tanf+u)

= tang =

—(tanf+u)+tana(l1—utanpf)
2tana(tanf+u)

(1-utanp)

1
- ECOta + 2(tanf+u)

1 ) (1—utanp)

1 1
- ECOtO[ t (E COt’B N 2tanf 2(tanf+u)

—(tanB+p)+tanB(1—utanf)

1
T2 (COt’B N COtC() + 2tanB(tanf+u)

—pu—utan?p
2tanf(tanf+u)

= %(cotﬂ — cotar) +

usec?f
2tanf(tanf+u)

= %(cotﬁ — cota) +

U
2sinfcosB(u+tanf)

= %(cotﬁ — cota) +

U
(u+tanB)sin2f

= %(cotﬁ — cota) + , as required.



