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STEP 2019, Paper 2, Q3 Solution (4 pages; 4/6/25)

3 For any two real numbers z; and xy, show that
|1+ x| < x| + |22].
Show further that, for any real numbers =y, 9, ..., z,,
|z1 + 22 + -+ - + Zn| < |1 + |z2] + - + |2Al.
(i) The polynomial f is defined by
f(x) =1+ajz+ agz? + -+ +ap_1z" Y + "
where the coefficients are real and satisfy |a;| < Afori=1,2,...,n—1, where A > 1.

(a) If [z] < 1, show that
Alz|

[f(z) — 1] < g

(b) Let w be a real root of f, so that f(w) = 0. In the case |w| < 1, show that

(c) Show further that the inequalities (%) also hold if |w| = 1.

(ii) Find the integer root or roots of the quintic equation

1352° — 13524 — 1002® — 9122 — 1262 + 135 = 0.
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1st & 2nd Parts

Result to prove :
—([xe] + [x2] + o [xp]) S x1 + 22 + -+ xp
< [l x|+ 4 x|

The right-hand inequality is immediately clear, as either |x;| = x;,
if x; = 0; or |x;| > x;, if x; <O.

For the left-hand inequality: If x; = 0, then —|x;| < x; ; and if

x; < 0,then —|x;| = x;. And the result follows from this.

1) |f(X) — 1| = la;x + a2x2 4o 4 an_lxn—l + x|
< |a1x| + |a2x2| + - 4 |an_1xn—1| + |xn| ,from the 2nd Part;

=A(lx] + |x]?> + -+ [x|* D) + A|x|" as A > 1

1

1
1-|w|’

(b) From (a), |f(w) — 1| < Alw|.

1
1-|w|’

sothat |0 — 1] < A|wl].
and hence 1 — |w| < A|w|,as 1 — |w]| > 0;
so that |w|(A+ 1) = 1,and |w| = —

1+A

Also,as |w| <1, |lw|<1+4,asA=1>0,
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and so it follows thatﬁ <lw|<1+A4

(o) If |w| = 1,thenL <1< |w|
1+4

To prove that |w| < 1 + A:

Write

FG) =5t ans (2) #ona (1) 4 (5) ()0

X

and write
g =14+a, 1y +apy*+-+ay" t+y"

Then, as f(w) = 0 (and w # 0), it follows thatg( ) = 0.

1

w
Then (i)(a) can be applied to g(y) (in place of f(x)),
to give:

lg(y) — 1] < Alyl'%m (as the coefficients are as before, though

in reverse order)

Setting y = %, and noting that |y| < 1 in the case where |w| > 1:

1 1
— < ) —
0 -1 SAG) —=

|w]

A
lw|-1"

so that, for [w| > 1,1 <

and l[w| —1<A4 (as|w| —1>0)

ielw| <1+ A for|w|>1

Finally, for |w| = 1, itis again true that |[w| <1+ A4 (as A > 0).
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Thusﬁ <|w| <1+ A for |w| = 1 also.

(i) Dividing through by 135 produces a polynomial equation
f(x) = 0 asin (i), where the coefficients satisfy |a;| < 1.

Thus, from (*), any real roots w will satisfy

1

1
<lw|<1+1,0or-<|w|<2;
141 2

and so the only possible integer roots are =1 or 2

As the constant term of the original polynomial equation is 135;
an odd number, it will not be possible for an integer root to be
even (as all the other terms, a;x* will be even when x is even).

Substituting x = 1 and x = —1 into the original polynomial
equation, we find that only x = —1 is a root, and so this is the only
integer root. [There is a slip in the Official solution, which
presumably meant to say that f(—1) = 0.]



