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STEP 2018, P1, Q12 - Solution (3 pages; 14/5/20)

(i) P(Head) = Y;_, P(coin i is drawn) x P(coin i shows Head)

1 1 1 1
=3P1T3P2+3P3 =§(P1+P2+P3)

(ii) [N;~B(2,p) = E(N;) = 2p & Var(N,) = 2p(1 — p) and,
according to the Examiner's Report, it was acceptable to just
quote theseust be quoted.]

E(N,) = 1.P(1 Head from 2 coins)

+2.(2 Heads from 2 coins)

=2p(1-p) +2p*=2p

E(N,?) = 12.P(1 Head from 2 coins)
+22.P(2 Heads from 2 coins)

= 2p(1 —p) + 4p* = 2p + 2p?
Var(Ny) = E(N,*) — [E(N)]?

= 2p + 2p? — 4p?

=2p(1—p)

(iii) E(N,) = 1.P(1 Head from the 2 coins)

+2.(2 Heads from the 2 coins)

= {P(Coins 1 & 2 are chosen). (p;(1 —p,) + (1 — py)p,)
+P(Coins 1 & 3 are chosen). (p1(1 — p3) + (1 — p;)p3)
+P(Coins 2 & 3 are chosen). (p,(1 —p3) + (1 — p,)p3)}

1



+2{P(Coins 1 & 2 are chosen).p,p,
+P(Coins 1 & 3 are chosen).p;ps

+P(Coins 2 & 3 are chosen).p,p3}
1
=51 (1 =p) + (1 = p1)p2)
1
+5(P1(1 = p3) + (1 = p1)ps)
1
+5(P2(1 = p3) + (1 = p2)p3)}
1 1 1
+2{§ P1b2 +Sp1b3 + gpzps}

1

=3 (@2py + 2py +2p3) =2p

1

E(N,?) = G (01(1=p2) + (1 = p1)p2)

1
+3 (@1 (1 —ps) + (1 —p1)ps)

1
+3(P2(1 = p3) + (1 = p2)p3)}

1 1 1

+4{§ P1b2 +p1b3 + gpng}

1
=< (2p1 + 2p; + 2ps + 2p1p2 + 2p1p3 + 2p2p3)

2
= 2p + 5 (P1P2 + P1Ps + P2Ps3)

Var(N,) = E(N,*) — [E(N,)]?

2
= 2p + 5 (P1p2 + P1P3 + P2p3) — 4p°
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(iv) Var(N;) — Var(N,) =

2
=2p(1 —p) — {2p + 5 (P1P2 + P1P3 + P2pP3) — 4P}

2
= 2p* = (p1P2 + P1P3 + P2P3)

_ 2

2
=5 (p1 +p2 +p3)* — 3 (p1p2 + D103 + P2D3)

2 2
=S (1% + 2% +p3%) —5 (P1P2 + P1P3 + P2P3)

1

= g((m —p2)? + (1 —p3)* + (P2 — P3)?),

which is positive, unless p; = p, = p3,

giving Var(N,) < Var(N,), as required.



