
 fmng.uk 

1 
 

STEP 2018, Paper 1, Q2  Solution (3 pages; 22/5/25) 

 

  



 fmng.uk 

2 
 

Solution 

1st Part 

𝑥 = 𝑙𝑜𝑔𝑏𝑐 ⇔ 𝑐 = 𝑏𝑥  

2nd Part 

Write 𝑦 = 𝑙𝑜𝑔𝑎𝑏 and 𝑧 = 𝑙𝑜𝑔𝑎𝑐, 

so that  𝑏 = 𝑎𝑦  and 𝑐 = 𝑎𝑧 

[result to prove : 
𝑧

𝑦
= 𝑥] 

Then 𝑏𝑥 = (𝑎𝑦)𝑥 = 𝑎𝑦𝑥 

Thus 𝑐 = 𝑏𝑥 = 𝑎𝑦𝑥 and also 𝑐 = 𝑎𝑧 , 

so that 𝑧 = 𝑦𝑥, and hence 
𝑧

𝑦
= 𝑥 ; 

ie 
𝑙𝑜𝑔𝑎𝑐

𝑙𝑜𝑔𝑎𝑏
= 𝑙𝑜𝑔𝑏𝑐, as required. 

 

(i)  𝜋2 < 10 ⇒ 𝑙𝑜𝑔𝜋10 > 2 (*) 

Also, from the 2nd Part with 𝑎 = 𝑐, 
1

𝑙𝑜𝑔𝑐𝑏
= 𝑙𝑜𝑔𝑏𝑐 

So 
1

𝑙𝑜𝑔2𝜋
+

1

𝑙𝑜𝑔5𝜋
= 𝑙𝑜𝑔𝜋2 + 𝑙𝑜𝑔𝜋5 = 𝑙𝑜𝑔𝜋(2 × 5) > 2, from (*),  

as required. 

 

(ii) 𝑒2 < 8 ⇒ 𝑙𝑜𝑔𝑒8 > 2 (*) 

From the initial 2nd Part, 𝑙𝑛𝜋 = 𝑙𝑜𝑔𝑒𝜋 =
𝑙𝑜𝑔𝑎𝜋

𝑙𝑜𝑔𝑎𝑒
 

[The fact that 𝑙𝑜𝑔𝑒8 = 3𝑙𝑜𝑔𝑒2 suggests setting 𝑎 = 2, as we are 

told that 𝑙𝑜𝑔2 (
𝜋

𝑒
) >

1

5
 ] 
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=
𝑙𝑜𝑔2𝜋

𝑙𝑜𝑔2𝑒
 , setting 𝑎 equal to 2. 

Now  
1

𝑙𝑜𝑔2𝑒
= 𝑙𝑜𝑔𝑒2 (=setting 𝑎 = 𝑐 = 2 & 𝑏 = 𝑒 in the initial 2nd 

Part), and 3𝑙𝑜𝑔𝑒2 = 𝑙𝑜𝑔𝑒8 > 2, from (*), 

so that  
1

𝑙𝑜𝑔2𝑒
= 𝑙𝑜𝑔𝑒2 >

2

3
 

Also, we are told that 𝑙𝑜𝑔2 (
𝜋

𝑒
) >

1

5
 , so that  𝑙𝑜𝑔2𝜋 − 𝑙𝑜𝑔2𝑒 >

1

5
, 

and hence  ln𝜋 =
𝑙𝑜𝑔2𝜋

𝑙𝑜𝑔2𝑒
=

𝑙𝑜𝑔2𝜋−𝑙𝑜𝑔2𝑒

𝑙𝑜𝑔2𝑒
+

𝑙𝑜𝑔2𝑒

𝑙𝑜𝑔2𝑒
>

1

5
 .

2

3
+ 1 =

17

15
 , as 

required. 

 

(iii) 𝑒3 > 20 ⇒ 𝑙𝑜𝑔𝑒20 < 3,  (**) 

and 𝜋2 < 10 ⇒ 𝑙𝑜𝑔𝜋10 > 2 (***) 

From the initial 2nd Part again, 𝑙𝑛𝜋 = 𝑙𝑜𝑔𝑒𝜋 =
𝑙𝑜𝑔10𝜋

𝑙𝑜𝑔10𝑒
 

And 𝑙𝑜𝑔10𝜋 =
1

𝑙𝑜𝑔𝜋10
<

1

2
 , from (***). 

Also  𝑙𝑜𝑔𝑒20 = 𝑙𝑜𝑔𝑒2 + 𝑙𝑜𝑔𝑒10 =
𝑙𝑜𝑔102

𝑙𝑜𝑔10𝑒
+

1

𝑙𝑜𝑔10𝑒
 , from the initial 

2nd Part once again. 

And so, from (**), 
𝑙𝑜𝑔102

𝑙𝑜𝑔10𝑒
+

1

𝑙𝑜𝑔10𝑒
< 3, 

and hence 
1

𝑙𝑜𝑔10𝑒
<

3

(𝑙𝑜𝑔102+1)
<

3

(
3

10
+1)

=
30

13
 

(as we are told that 𝑙𝑜𝑔102 >
3

10
) 

Then 𝑙𝑛𝜋 =
𝑙𝑜𝑔10𝜋

𝑙𝑜𝑔10𝑒
<

1

2
 .

30

13
=

15

13
 , as required. 

 

 


