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STEP 2015, P3, Q9 - Solution (4 pages; 4/8/20) 

1st part 

 

 

 

 

 

 

[The question doesn't say so, but we can assume that OQP is in a 

horizontal plane, otherwise 𝑔 would appear in the equation of 

motion.] 

By conservation of energy, 

1

2
𝑚𝑣2 =

1

2
𝑚𝑥̇2 +

1

2
(

𝜆

𝑎
) 𝑒2,  

where the extension 𝑒 = 𝑃𝑄 − 𝑎 = √𝑥2 + 𝑎2 − 𝑎 

Hence 𝑣2 = 𝑥̇2 + 𝑘2(√𝑥2 + 𝑎2 − 𝑎)
2

 

and  𝑥̇2 = 𝑣2 − 𝑘2(√𝑥2 + 𝑎2 − 𝑎)
2

    (A) 

 

Alternative (much longer) method 

By N2L, −𝑇𝑐𝑜𝑠𝜃 = 𝑚𝑥̈ 

By Hooke's law, 𝑇 =
𝜆𝑒

𝑎
 ,  

where the extension 𝑒 = 𝑃𝑄 − 𝑎 = √𝑥2 + 𝑎2 − 𝑎 

And 𝑐𝑜𝑠𝜃 =
𝑥

√𝑥2+𝑎2
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So  −
𝜆

𝑎
(√𝑥2 + 𝑎2 − 𝑎)

𝑥

√𝑥2+𝑎2
= 𝑚𝑥̈ 

⇒
𝑘2𝑎𝑥

√𝑥2+𝑎2
− 𝑘2𝑥 = 𝑥̈    (B) 

[Noting that the LHS can be integrated wrt 𝑥] 

Also, 𝑥̈ =
𝑑

𝑑𝑡
(𝑥̇) =

𝑑

𝑑𝑥
(𝑥̇). 𝑥̇ 

and so, on making the substitution 𝑢 = 𝑥̇, 

∫ 𝑥̈  𝑑𝑥 = ∫
𝑑𝑢

𝑑𝑥
 𝑢 𝑑𝑥 = ∫ 𝑢 𝑑𝑢 =

1

2
𝑢2 =

1

2
(𝑥̇)2  

Hence, integrating (B) gives 

1

2
𝑘2𝑎

√𝑥2+𝑎2

(
1

2
)

−
1

2
𝑘2𝑥2 + 𝐶 =

1

2
(𝑥̇)2  

𝑥 = 0, 𝑥̇ = 𝑣 ⇒ 𝑘2𝑎2 + 𝐶 =
1

2
𝑣2,    

so that  𝐶 =
1

2
𝑣2 − 𝑘2𝑎2 

and  (𝑥̇)2 = 2𝑘2𝑎√𝑥2 + 𝑎2 − 𝑘2𝑥2 + 𝑣2 − 2𝑘2𝑎2 

= 𝑣2 − 𝑘2(−2𝑎√𝑥2 + 𝑎2 + 𝑥2 + 2𝑎2)   (C) 

and the given expression = 𝑣2 − 𝑘2(√𝑥2 + 𝑎2 − 𝑎)2 expands to 

give (C). 

 

2nd part 

The greatest & least values of 𝑥 occur when 𝑥̇ = 0  

Then  0 = 𝑣2 − 𝑘2(√𝑥2 + 𝑎2 − 𝑎)
2

, 

so that 𝑣 = 𝑘(√𝑥2 + 𝑎2 − 𝑎)   (as 𝑣, 𝑘 > 0) 

and  𝑥2 + 𝑎2 = (
𝑣

𝑘
+ 𝑎)

2
, 
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so that 𝑥0 = √
𝑣2

𝑘2 +
2𝑣𝑎

𝑘
    

(with the least value occurring at 𝑥 = −𝑥0) 

 

3rd part 

Applying N2L, as in the alternative method of the 1st part, gives 

(B) above:  
𝑘2𝑎𝑥

√𝑥2+𝑎2
− 𝑘2𝑥 = 𝑥̈ 

When 𝑥 = 𝑥0,   𝑥̈ =
𝑘2𝑎
𝑣

𝑘
+𝑎

√
𝑣2

𝑘2 +
2𝑣𝑎

𝑘
− 𝑘2√

𝑣2

𝑘2 +
2𝑣𝑎

𝑘
 , 

as  𝑥0
2 + 𝑎2 = (

𝑣

𝑘
+ 𝑎)

2
, from the working to the 2nd part. 

So  𝑥̈ = (
𝑘2𝑎
𝑣

𝑘
+𝑎

− 𝑘2)√
𝑣2

𝑘2 +
2𝑣𝑎

𝑘
 

= 𝑘 (
𝑎−(

𝑣

𝑘
+𝑎)

𝑣

𝑘
+𝑎

) √𝑣2 + 2𝑣𝑎𝑘  

=
−𝑘𝑣

(𝑣+𝑎𝑘)
√𝑣2 + 2𝑣𝑎𝑘  

 

4th part 

From (A), 𝑥̇ = √𝑣2 − 𝑘2(√𝑥2 + 𝑎2 − 𝑎)
2

 , 

so that 
𝑑𝑡

𝑑𝑥
=

1

√𝑣2−𝑘2(√𝑥2+𝑎2−𝑎)
2
 

and ∫ 𝑑𝑡
𝑇

4
0

= ∫
1

√𝑣2−𝑘2(√𝑥2+𝑎2−𝑎)
2

𝑥0

0
 𝑑𝑥 ,  

by the symmetry of the motion. 
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Hence 𝑇 =
4

𝑣
∫

1

√1−
𝑘2

𝑣2(√𝑥2+𝑎2−𝑎)
2

𝑥0

0
 𝑑𝑥  

 

5th part 

Let 𝑢2 =
𝑘

𝑣
(√𝑥2 + 𝑎2 − 𝑎), where 𝑢 > 0, 

so that  
𝑣𝑢2

𝑘
+ 𝑎 = √𝑥2 + 𝑎2 

and 𝑥2 = (
𝑣𝑢2

𝑘
+ 𝑎)

2

− 𝑎2 

=
𝑣2𝑢4

𝑘2 +
2𝑣𝑢2𝑎

𝑘
  

=
2𝑣𝑢2𝑎

𝑘
(

𝑣𝑢2

2𝑘𝑎
+ 1)  

Then, as 
𝑣

𝑘𝑎
≈ 0, 𝑥 ≈ 𝑢√

2𝑣𝑎

𝑘
 

and 
𝑑𝑥

𝑑𝑢
≈ √

2𝑣𝑎

𝑘
 

Then, when 𝑥 = 0, 𝑢 = 0,  

and when 𝑥 = 𝑥0  (so that 𝑥2 + 𝑎2 = (
𝑣

𝑘
+ 𝑎)

2
), 

𝑢2 =
𝑘

𝑣
(

𝑣

𝑘
) = 1, so that 𝑢 = 1 

Then  𝑇 ≈
4

𝑣
∫

1

√1−𝑢4

1

0
 √

2𝑣𝑎

𝑘
𝑑𝑢 

≈ √
32𝑎

𝑘𝑣
∫

1

√1−𝑢4

1

0
 𝑑𝑢 , as required. 


