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STEP 2015, Paper 3, Q1 Solution (3 pages; 26/5/20)
(i) 1st part
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=0+ = I, , as required.

2nd part
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(i) J = f; f((x —x"H)?)dx

LetK = [ x72f((x — x1)?)dx

and L =~ ["(1 + x72)f ((x — x"1)?)dx
Letu = x~1, so that du = —x%dx

Then (x —x 1% = (u™! —u)? = (u — u~1)? and the limits are
reversed.

Then K = [ f((u —u ™)) (~dw) = [ f((u—u)?)du =]
AlsoL=—(+K) =]

Nowlet u =x —x~1,sothatdu =1+ x% dx

and L == f(u?)du

Now, with the substitution v = —u,

[0, fa)du = [0 f(v?)(=dv) = [ f(v})dv,

sothat L =~ ( L2 fddu+ [ fw?)du)

= [, f@W?)du

This establishes the required results.

(i) x* —x2+1=x2(x?—1+x72)

And (x —x 1)2 =x2 -2+ x72
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where f(x) = (x + )™
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Then |, T D" dx = [, x7*f((x —x~H?)

- fooof(uz)du , from (ii)

— fooo(uz + 1) ™"du = I,
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and from (i), I,, = 221 ([n_1]1)2
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