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STEP 2014, P3, Q7 - Sol'n (4 pages; 16/4/25)

|

The four distinct points F; (i = 1, 2, 3, 4) are the vertices, labelled anticlockwise, of a cyelic
quadrilateral, The lines Py Py and %Py intersect at (.

(i) By considering the triangles PyQ Py and Q1 show that (PQ)NQ ;) = ([AQ)(Q1%).

(ii) Let p; be the position vector of the point F; (i = 1, 2, 3, 4). Show that there exist
numbers a;. not all zero, such that

1 4

Z”i =0 and Z aipi = 0. ()

i=1 i=1

(iii) Let a; (1 = 1, 2, 3, 4) be any numbers, not all zero, that satisfy (#). Show that
ay + ay # 0 and that the lines PP and P3P intersect at the point with position
vector

apr + a3pa
(y + ag !

Deduce that ayaz( Py P3)? = asay(PaPy)?.
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Q)

Referring to the diagram, the chord P; P, subtends the angle « at
both P; and P, (property of a circle). Similarly, the chord P; P,

subtends the angle  at both P; and P,. Thus the triangles P, QP,

. P P
and P,QP; are similar, and hence P _ R0 , so that
QPy  QP3

(P,Q)(QP3;) = (P,Q)(QP,), as required.

(ii) As Q lies on the line segment P; P; , g = Ap; + (1 — A)p;3 for
some A > 0.

Similarly, ¢ = up, + (1 — W)p,
Hence Ap; + (1 — Dpz = upz + (1 — 1)pa,
sothat Ap; —pup, + (1 —=Dps — (1 —wps =0 ()

and A+ (—w)+ (@ —-21) +[—1 — w)] = 0, as required.

(iii) 1stpart
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Suppose thata; + a; = 0,

Then,as a; + a, + a3 + a, = 0, it follows thata, + a, =0

And so a;p; + azp; + azpz + asps = 0=
a, (B1 - 23) +a(p2 —ps) =0,

and hence a,(p; —ps) = —a4 (Bl — B?’)’
But the P; are distinct points, and P, P, and P; P; are not parallel,
which means that a; = a, = 0. But this means that all the a; are

zero, so that we have a contradiction. Hence a; + a3 # 0.

2nd part

aipi+asps

We need to show that the point with position vector —
1 3

lies on both P; P; and P, P,.

Clearly it lies on P; P;, as any point on P; P; can be written as

aq

Ap; + (1 — A)p; for a suitable A. (So here A = — )
o - 1tas
aipit+asp —(azpatasps)  azprtaup o
Also, —==——= = == = 2222 o that it lies on P, P, as
a+as —(az+ay) a,+a,

well (at upz + (1- '“)24 , with u = ﬁ ), as required.

3rd part

[Note that (P, P3)? = (p1 o p3) : (p1 — p3), and that the result

from (i) is almost certainly to be used. The question is, whether to

start from the result from (i), and try to obtain

3
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a,as(P;P3)? = aya,(P,P,)?, or the other way round. Trying the

1stapproach:]
(P1Q)(QP3) = (P,Q)(QPy) = (P1Q)*(QP3)* = (P,Q)*(QPy)?
LHs = (pr~ ). (P~ ) (P~ ) - (s —7) 9

Now from the 2nd part of (iii),

. aipi+aszps
Bl - g - Bl B aitas
. _ p1(A-as)-azp
Writing A = a; + a3, this equals = /11 = = % (P1 —p3)

Similarly, p3 —q = % (P3 — p1),
and hence (***) equals
ao-p) 2 (-p) 3 -p) S -0

a32a12
= e

|4

P1 — D3

as

2 2
Similarly, RHS equals BZZ |BZ — P4

|4
where B = a, + a, = —(a, + a3) = —A4,

and so, taking the square root of each side,

a,as(PyP3)? = aya,(P,Py)?, as required.

[Trying the other way:

aa3(PP3)* = a;a; (B1 - Bs) - (B1 - 33)»

but it isn’t obvious how to introduce q |



