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STEP 2014, P3, Q2 - Solution (2 pages; 28/5/20) 

(i) 𝑐𝑜𝑠ℎ 2𝑥 = 𝑐𝑜𝑠ℎ2𝑥 + 𝑠𝑖𝑛ℎ2𝑥 = 𝑐𝑜𝑠ℎ2𝑥 + (𝑐𝑜𝑠ℎ2𝑥 − 1) 

 If 𝑢 = 𝑐𝑜𝑠ℎ𝑥, 𝑑𝑢 = 𝑠𝑖𝑛ℎ𝑥 𝑑𝑥, 

and so ∫
𝑠𝑖𝑛ℎ𝑥

cosh 2𝑥
 𝑑𝑥 = ∫

1

2𝑢2−1
𝑑𝑢 

=
1

2
∫
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√2

(𝑢−
1

√2
)

−

1

√2

(𝑢+
1

√2
)

 𝑑𝑥  

=
1

2√2
𝑙𝑛 |

𝑐𝑜𝑠ℎ𝑥−
1

√2

𝑐𝑜𝑠ℎ𝑥+
1

√2

| + 𝐶 =
1

2√2
𝑙𝑛 |

√2𝑐𝑜𝑠ℎ𝑥−1

√2𝑐𝑜𝑠ℎ𝑥+1
| + 𝐶, as required. 

 

(ii)   𝑐𝑜𝑠ℎ 2𝑥 = 𝑐𝑜𝑠ℎ2𝑥 + 𝑠𝑖𝑛ℎ2𝑥 = (𝑠𝑖𝑛ℎ2𝑥 + 1) + 𝑠𝑖𝑛ℎ2𝑥 

 If 𝑢 = 𝑠𝑖𝑛ℎ𝑥, 𝑑𝑢 = 𝑐𝑜𝑠ℎ𝑥 𝑑𝑥, 

and so ∫
𝑐𝑜𝑠ℎ𝑥

cosh 2𝑥
 𝑑𝑥 = ∫

1

2𝑢2+1
𝑑𝑢 

=
1

2
.

1

(
1

√2
)

arctan (
𝑢

(
1

√2
)
) + 𝐶  

=
√2

2
arctan(√2𝑠𝑖𝑛ℎ𝑥) + 𝐶  

 

(iii) 𝐼 = ∫
𝑠𝑖𝑛ℎ𝑥

cosh 2𝑥
 𝑑𝑥 = ∫

1

2
(𝑒𝑥−𝑒−𝑥)

1

2
(𝑒2𝑥+𝑒−2𝑥)

𝑑𝑥  

and 𝐽 = ∫
𝑐𝑜𝑠ℎ𝑥

cosh 2𝑥
 𝑑𝑥 = ∫

1

2
(𝑒𝑥+𝑒−𝑥)

1

2
(𝑒2𝑥+𝑒−2𝑥)

𝑑𝑥 

𝐾 = ∫
1

1+𝑢4 𝑑𝑢 = ∫
𝑢−2

𝑢−2+𝑢2 𝑑𝑢  

Let 𝑢 = 𝑒𝑥 , so that 𝑑𝑢 = 𝑒𝑥𝑑𝑥, 
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and 𝐾 = ∫
𝑒−2𝑥.𝑒𝑥

𝑒−2𝑥+𝑒2𝑥 𝑑𝑥 = ∫
𝑒−𝑥

𝑒−2𝑥+𝑒2𝑥 𝑑𝑥 =
1

2
(𝐽 − 𝐼) 

So ∫
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2
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=
1

4√2
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=
𝜋

4√2
+

2

4√2
ln (√2 + 1)  

=
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4√2
 , as required. 


