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STEP 2014, P3, Q10 - Solution (3 pages; 29/5/20)

1st part

W v AT SN

X R & YA I
Tl -TZ»
V.
IR TIore M :
Ty 'Tl
Ax _ A(X+y)

&T3 Z% ,by

Hooke's law (thus T, < 0 and the force is a compression).

Referring to the diagrams, T; = — , T, = -

Then, applying N2L to X (noting that x increases as X moves to the
right)
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A A :
iz I -1 Zg(—x—y—x) = —Z(2x+y),asrequ1red.

2nd part

For Y (noting that y increases as Y moves to the left):

d? A A
mog=T—Ty=3(-x-y=-y=-2Q@y+x)

[as would be expected from the symmetry]
3rd part

d*(x=y) _ A o N A
Hence m = a(2x+y 2y —x) = a(x y)

= SHM of x — y, with x —y = Ccos(wt — 0),

2
where w? = —
ma

[The official sol'ns don't suggest that the SHM differential eq'n
needs to be solved from 1st principles. Usually standard results
such as this can just be quoted.]

Whent=0,x=0&y = —%,sothat §= Ccosf

Also, % = —wCsin(wt — 0),
e ey dx dy .
and 1n1t1allyE == 0, so that 0 = wCsinf, and hence 8 = 0,

and so C = %, giving x —y = %cos(wt)

4th part
Adding the differential eq'ns instead,

d*(x+y) _ A _ 32
= a(2x+y+2y+x)— a(x+y),

]
so that x + y = Dcos(w.t — ¢), where w,* = %
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Whent =0,x=0&y = —%,sothat —% = Dcos¢

Also, d(zy) = —wDsin(w,t — ¢),

and initially% = % = 0, so that 0 = wDsing, and hence ¢ = 0,
andso D = —%, giving x +y = —%cos(wlt)

S5th part

Subtractingx — y = %cos(wt) fromx +y = —%cos(wlt):

2y = —%(cos(a)lt) + cos(wt))
Then y = —% = cos(wqt) + cos(wt) = 2

= cos(w,t) = cos(wt) =1
= t=0o0r w;t =2mn and wt = 2nmw (wWhere m & n are
integers)

wqt 2mm w m .
Then — = =, and hence — = — (a rational number).
wt nm w n

A 31 o
But w? = — & w;2 = ==, so that =2 = /3 (an irrational
ma ma w

number).

Soy =— % only when t = 0; ie it never returns to its initial

position.



