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STEP 2013, Paper 2, Q2 - Solution (3 pages; 7/5/20)
[Almost entirely 'show that' results.]

(i) 1st part

Lety =1 —x,

so that fol x" 11— x)dx = flo(l — )" Iy (=dy)

= fol y*(1—y)"tdy = f01 x™(1 —x)""'dx, as required (A)
2nd part

L_, = fol x" 11— x)" ldx

And fol x™1(1 — x)"dx

- fol x" 11— x)" dx — f01 x™(1—x)" ldx

=1, 4 — fol x™"1(1 — x)"dx, from (A)

Hence 2 fol x""1(1 — x)"dx = I,,_,, as required (B)
(n=>1>=1I[,_; is defined)

3rd part

By Parts, I,, = fol x™(1 — x)"dx

_ [xn (_ L) (1-— x)n+1] 1 fol 1 (_ L) (1- X)n+1dx

n+1 0 n+1

__n 1. n-1 n+1 :
=7 Jo x™ 11 = x)"*dx, asrequired
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4th part
Hence I,, = #{fol x™1(1 — x)"dx — fol x™(1 — x)"dx)

1
= %{E L1 — In}, from (B)
nlp—q

> L{n+1)+n}= 5

n

== 2(2n+1)

I,,_1,as required (C)

" — n n_l n_z 1
(i) From (C), I, = 2GnD) 20D 22n-3) 2@ 0

Ip = [ dx = 1,50 that I, = ()
0 0 ’ no @mhEeMEn+1)(2n-1)..3

_ (mH22n)(2n-2)..2 _ @H22M@) _ (n)?
T (@M @2n+1)!  @DEM2n+1)! (2n+1)!

(iii) 1st part

1 1 1
I = [, x2(1 — x)2 dx

2

Let x = sin?6, so that dx = 2sinfcos8do
and I1 = [? sinfcosf(2sinfcos6)do
2

=~ [z sin?(26)d#
=~ [2 1 - cos46 df

T4

1 1 .
= Z [9 — ZSU?A-H]

G-0)-

o nN|d

1
4
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2nd part

As (C) doesn't require n to be an integer,

G, _2

Iz =
2



