
 fmng.uk 

1 
 

STEP 2012, Paper 3, Q6 – Solution (3 pages; 16/7/18) 

The 1st result follows from substituting 𝑧 = 𝑥 + 𝑖𝑦 and equating 

real and imaginary parts. 

 

(2𝑥 + 𝑝)𝑦 = 0 ⇒ either 𝑝 = −2𝑥  or  𝑦 = 0  

From  𝑥2 − 𝑦2 + 𝑝𝑥 + 1 = 0,   𝑦 = 0 ⇒ 𝑝 = −
𝑥2+1

𝑥
  and 𝑥 ≠ 0, (as 

𝑥 = 0, 𝑦 = 0 doesn’t satisfy 𝑥2 − 𝑦2 + 𝑝𝑥 + 1 = 0). 

 

𝑥2 − 𝑦2 + 𝑝𝑥 + 1 = 0, 𝑝 = −2𝑥 ⇒ 𝑥2 + 𝑦2 = 1; ie the circle of   

radius 1, with centre the Origin 

𝑦 = 0   with 𝑥 ≠ 0  is the real axis with the origin missing 

 

For  𝑝𝑧2 + 𝑧 + 1 = 0,  let  𝑧 = 𝑥 + 𝑖𝑦,  so that 

𝑝(𝑥 + 𝑖𝑦)2 + (𝑥 + 𝑖𝑦) + 1 = 0  

Equating real and imaginary parts then gives 

𝑝(𝑥2 − 𝑦2) + 𝑥 + 1 = 0   (1) 

and   2𝑝𝑥𝑦 + 𝑦 = 0 ⇒ 𝑦(2𝑝𝑥 + 1) = 0  (2) 

Then (2)⇒ either (a)  𝑦 = 0  or  (b) 𝑝 = −
1

2𝑥
   (𝑥 ≠ 0) 

(𝑏) & (1) ⇒ 𝑥2 − 𝑦2 − 2𝑥2 − 2𝑥 = 0  

⇒ 𝑥2 + 𝑦2 + 2𝑥 = 0 ⇒ (𝑥 + 1)2 + 𝑦2 = 1  

ie a circle, centre (−1,0) and radius 1 

(𝑎) & (1) ⇒ 𝑝𝑥2 + 𝑥 + 1 = 0 ⇒ 𝑝 = −
(𝑥+1)

𝑥2     

Thus  𝑥 can take any value except 0, with 𝑦 = 0; 
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ie the real axis excluding the Origin 

 

For  𝑝𝑧2 + 𝑝2𝑧 + 2 = 0,  let  𝑧 = 𝑥 + 𝑖𝑦,  so that 

𝑝(𝑥 + 𝑖𝑦)2 + 𝑝2(𝑥 + 𝑖𝑦) + 2 = 0  

Equating real and imaginary parts then gives 

𝑝𝑥2 − 𝑝𝑦2 + 𝑝2𝑥 + 2 = 0  (1)  

and   2𝑝𝑥𝑦 + 𝑝2𝑦 = 0 ⇒ 𝑦𝑝(2𝑥 + 𝑝) = 0   (2) 

From (2), either  (𝑎) 𝑦 = 0   or  (b) 𝑝 = −2𝑥 

(𝑝 = 0 doesn’t satisfy (1)) 

 

(𝑏) & (1) ⇒ −2𝑥3 + 2𝑥𝑦2 + 4𝑥3 + 2 = 0  

⇒ 𝑥3 + 𝑥𝑦2 + 1 = 0 ⇒ 𝑦2 = −
(𝑥3+1)

𝑥
    (3) 

(𝑎) & (1) ⇒ 𝑥𝑝2 + 𝑥2𝑝 + 2 = 0  (4) 

real 𝑝 ⇒ 𝑥4 − 8𝑥 ≥ 0 

either 𝑥 = 0: this doesn’t satisfy (4) 

or  𝑥 > 0 ⇒ 𝑥3 − 8 ≥ 0 ⇒ 𝑥 ≥ 2 

or  𝑥 < 0 ⇒ 𝑥3 − 8 ≤ 0 ⇒ 𝑥 < 0 

Thus the locus is given by  𝑦2 = −
(𝑥3+1)

𝑥
 , as well as the real axis 

excluding 0 ≤ 𝑥 < 2 

To sketch  𝑦2 = −
(𝑥3+1)

𝑥
: 

(i) symmetry about the 𝑥 axis 

(ii) asymptote of 𝑥 = 0 
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(iii) 𝑥 = 0 + 𝛿 ⇒ 𝑦2 < 0; ie not part of domain 

(iv) 𝑦2 ≥ 0 ⇒
(𝑥3+1)

𝑥
≤ 0 ⇒ 𝑥 < 0  & hence 𝑥3 + 1 ≥ 0, 

so that  −1 ≤ 𝑥 < 0 

(v) 2𝑦
𝑑𝑦

𝑑𝑥
= −

𝑥(3𝑥2)−(𝑥3+1)

𝑥2  

𝑥 = −1 ⇒ 𝑅𝐻𝑆 = 3, so that 
𝑑𝑦

𝑑𝑥
= ∞ , as 𝑦 = 0 

 


