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𝑃𝑟𝑜𝑏(0 ≤ 𝑋 ≤ 1) = 1, so that  𝑎𝑘 + 𝑏(1 − 𝑘) = 1 

⇒ 𝑘(𝑎 − 𝑏) = 1 − 𝑏 ⇒ 𝑘 =
1−𝑏

𝑎−𝑏
  (1) 

Then, as  𝑘 > 0 & 𝑎 > 𝑏, it follows that 1 − 𝑏 > 0; ie 𝑏 < 1 

Also (1)⇒ 𝑘𝑎 − 𝑘𝑏 = 1 − 𝑏 

⇒ 𝑎 =
1−𝑏+𝑘𝑏

𝑘
= 1 +

(1−𝑏+𝑘𝑏)−𝑘

𝑘
  

= 1 +
(1−𝑘)(1−𝑏)

𝑘
> 1, as 𝑘 < 1, 𝑏 < 1 & 𝑘 > 0 

 

(i) 𝐸(𝑋) = ∫ 𝑥𝑎 𝑑𝑥
𝑘

0
+ ∫ 𝑥𝑏 𝑑𝑥

1

𝑘
 

= 𝑎 [
1

2
𝑥2]

𝑘
0

+ 𝑏 [
1

2
𝑥2]

1
𝑘

  

=
𝑎

2
𝑘2 +

𝑏

2
(1 − 𝑘2)  

 = 𝑘2 (
𝑎

2
−

𝑏

2
) +

𝑏

2
=

1

2
(

1−𝑏

𝑎−𝑏
)

2
(𝑎 − 𝑏) +

𝑏

2
 

=
1

2(𝑎−𝑏)
{(1 − 𝑏)2 + 𝑏(𝑎 − 𝑏)}  



 fmng.uk 

2 
 

=
1

2(𝑎−𝑏)
{1 − 2𝑏 + 𝑎𝑏} , as required 

(ii) If  0 < 𝑀 ≤ 𝑘, then 𝑃(𝑋 ≤ 𝑘) ≥
1

2
 

and hence 𝑘𝑎 ≥
1

2
 , so that  (

1−𝑏

𝑎−𝑏
) 𝑎 ≥

1

2
 

and 2𝑎 − 2𝑎𝑏 ≥ 𝑎 − 𝑏, giving 𝑎 + 𝑏 ≥ 2𝑎𝑏  

Then 𝑃(𝑋 ≤ 𝑀) =
1

2
⇒ 𝑀𝑎 =

1

2
  and hence  𝑀 =

1

2𝑎
 

If 𝑀 ≥ 𝑘  (so that 𝑘𝑎 ≤
1

2
  and hence 𝑎 + 𝑏 ≤ 2𝑎𝑏), then  

𝑃(𝑋 ≥ 𝑀) =
1

2
⇒ 𝑏(1 − 𝑀) =

1

2
  

⇒ 1 − 𝑀 =
1

2𝑏
  and  𝑀 = 1 −

1

2𝑏
 

 

(iii) Case 1: 𝟎 < 𝑴 ≤ 𝒌 

𝐸(𝑋) − 𝑀 =
1

2(𝑎−𝑏)
{1 − 2𝑏 + 𝑎𝑏} −

1

2𝑎
  

=
1

2𝑎(𝑎−𝑏)
{𝑎(1 − 2𝑏 + 𝑎𝑏) − (𝑎 − 𝑏)}  

=
𝑏

2𝑎(𝑎−𝑏)
{−2𝑎 + 𝑎2 + 1) =

𝑏(1−𝑎)2

2𝑎(𝑎−𝑏)
> 0 , 

as 𝑏 > 0, 𝑎 ≠ 1, 𝑎 > 0 & 𝑎 > 𝑏 

Thus 𝐸(𝑋) > 𝑀 

 

Case 2: 𝑴 > 𝒌 

𝐸(𝑋) − 𝑀 =
1

2(𝑎−𝑏)
{1 − 2𝑏 + 𝑎𝑏} − (1 −

1

2𝑏
)  

=
1

2𝑏(𝑎−𝑏)
{𝑏(1 − 2𝑏 + 𝑎𝑏) − 2𝑏(𝑎 − 𝑏) + 𝑎 − 𝑏}  
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=
(𝑏−2𝑏2+𝑎𝑏2−2𝑎𝑏+2𝑏2+𝑎−𝑏)

2𝑏(𝑎−𝑏)
  

=
𝑎(𝑏2−2𝑏+1)

2𝑏(𝑎−𝑏)
= 

𝑎(𝑏−1)2

2𝑏(𝑎−𝑏)
> 0,   as 𝑎 > 0, 𝑏 ≠ 1, 𝑏 > 0 & 𝑎 > 𝑏 

Thus 𝐸(𝑋) > 𝑀 again. 

 


