STEP 2010, Paper 2, Q12 - Solution (3 pages; 9/6/18)

Prob(0 <X <1)=1,sothat ak+b(1—-k)=1
:km—b)=1—b:k=§%(n

Then,as k > 0&a > b,itfollowsthat1 —b > 0;ieb < 1

Also(1)=> ka—kb=1—-b

=g = 1-b+kb _ 1 n (1-b+kb)—k
k k
=L¢E%EQ>L%k<Lb<1&k>o
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{1 —2b + ab}, as required

2(a-b)
(i) If 0 <M <k, then P(X < k) = =
and hence ka > =, so that (611—1;) > %

and 2a — 2ab = a — b, givinga + b = 2ab

ThenP(XSM):%:Mazé and hence M = —

2a

IfM >k (sothatka < % and hence a + b < 2ab), then

PX2M)=2=b(1-M)=

N

=>1—M——ar1dM—1——
2b 2b

(iii) Case1: 0 <M < k

1
E(X)—M = 2a=D)

2a( {a(l —2b + ab) — (a — b)}

b(1-a)?
2a(a->b)

{(=2a+a*+1) =

Za(a b) >0,

asb>0,a#=1,a>0&a>0hb

Thus E(X) > M

Case2: M > k

1
E(X)—M—z(

-(1-3)

Zb( {b(1—2b+ab)—2b(a—b)+a—b}
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__ (b—2b?+ab*-2ab+2b?*+a—b)
- 2b(a—-b)

__a(b?*-2b+1) _ a(b-1)?
" 2b(a-b)  2b(a-b)

>0, asa>0,b#1,b>0&a>>b

Thus E(X) > M again.



