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STEP 2006, P2, Q4 – Solution (2 pages; 17/5/18) 

If  𝑥 = 𝜋 − 𝑡,  𝑑𝑥 = −𝑑𝑡  &  𝑠𝑖𝑛𝑥 = 𝑠𝑖𝑛𝑡, 

so that  𝐼 = ∫ 𝑥𝑓(𝑠𝑖𝑛𝑥)𝑑𝑥 = ∫ (𝜋 − 𝑡)𝑓(𝑠𝑖𝑛𝑡)(−𝑑𝑡)
0

𝜋

𝜋

0
 

𝜋 ∫ 𝑓(𝑠𝑖𝑛𝑡)𝑑𝑡
𝜋

0
− ∫ 𝑡𝑓(𝑠𝑖𝑛𝑡)𝑑𝑡

𝜋

0
  

Hence  2𝐼 = 𝜋 ∫ 𝑓(𝑠𝑖𝑛𝑡)𝑑𝑡
𝜋

0
,  and   =

𝜋

2
∫ 𝑓(𝑠𝑖𝑛𝑥)𝑑𝑥

𝜋

0
, as required 

(i) By the above result, ∫
𝑥𝑠𝑖𝑛𝑥

3+𝑠𝑖𝑛2𝑥
𝑑𝑥 =

𝜋

2

𝜋

0
∫

𝑠𝑖𝑛𝑥

3+𝑠𝑖𝑛2𝑥
𝑑𝑥

𝜋

0
 

=
𝜋

2
∫

𝑠𝑖𝑛𝑥

4−𝑐𝑜𝑠2𝑥
𝑑𝑥

𝜋

0
  

Let 𝑢 = 𝑐𝑜𝑠𝑥, so that 𝑑𝑢 = −𝑠𝑖𝑛𝑥 𝑑𝑥 

and  
𝜋

2
∫

𝑠𝑖𝑛𝑥

4−𝑐𝑜𝑠2𝑥
𝑑𝑥

𝜋

0
=

𝜋

2
∫

−1

(2−𝑢)(2+𝑢)
𝑑𝑢

−1

1
 

=
𝜋

2
∫

𝐴

2−𝑢
+

𝐵

2+𝑢
𝑑𝑢

1

−1
  

Then 1 = 𝐴(2 + 𝑢) + 𝐵(2 − 𝑢) 

𝑢 = 2 ⇒ 𝐴 =
1

4
 ; 𝑢 = −2 ⇒ 𝐵 =

1

4
  

giving   
𝜋

8
∫

1

2−𝑢
+

1

2+𝑢
𝑑𝑢 =

𝜋

8
[−𝑙𝑛(2 − 𝑢) + 𝑙𝑛(2 + 𝑢)]

1
−1

1

−1
 

=
𝜋

8
{(0 + 𝑙𝑛3) − (−𝑙𝑛3 + 0)} =

𝜋𝑙𝑛3

4
  

(ii) 𝐼 = ∫
𝑥𝑠𝑖𝑛𝑥

3+𝑠𝑖𝑛2𝑥
𝑑𝑥 =

2𝜋

0 ∫
𝑥𝑠𝑖𝑛𝑥

3+𝑠𝑖𝑛2𝑥
𝑑𝑥 + ∫

𝑥𝑠𝑖𝑛𝑥

3+𝑠𝑖𝑛2𝑥
𝑑𝑥

2𝜋

𝜋

𝜋

0
 

=
𝜋𝑙𝑛3

4
+ 𝐽,  

Let 𝑡 = 𝑥 − 𝜋, so that 𝑠𝑖𝑛𝑡 = − sin(𝜋 − 𝑥) = −𝑠𝑖𝑛𝑥  

and  𝐽 = ∫
(𝑡+𝜋)(−𝑠𝑖𝑛𝑡)

3+𝑠𝑖𝑛2𝑡
𝑑𝑡

𝜋

0
 

= − ∫
𝑡𝑠𝑖𝑛𝑡

3+𝑠𝑖𝑛2𝑡
𝑑𝑡

𝜋

0
− 𝜋 ∫

𝑠𝑖𝑛𝑡

3+𝑠𝑖𝑛2𝑡
𝑑𝑡

𝜋

0
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= −
𝜋𝑙𝑛3

4
− 𝜋 ∫

𝑠𝑖𝑛𝑡

3+𝑠𝑖𝑛2𝑡
𝑑𝑡

𝜋

0
  

Thus   𝐼 = −𝜋 ∫
𝑠𝑖𝑛𝑡

3+𝑠𝑖𝑛2𝑡
𝑑𝑡

𝜋

0
= −2 (

𝜋𝑙𝑛3

4
) = −

𝜋𝑙𝑛3

2
 

(iiii) [Rejected approaches: 

(a) Remove the moduli signs, by splitting the range of integration 

into (0,
𝜋

2
) & (

𝜋

2
 , 𝜋); but the substitution 𝑢 = 2𝑥 doesn't seem to 

lead anywhere. 

(b) Find a result corresponding to the original one, but for the 

range (0,
𝜋

2
). This seems too complicated, and not very promising 

anyway.] 

[Writing the integrand as a function of 𝑠𝑖𝑛𝑥: ] 

∫
𝑥|sin (2𝑥)|

3+𝑠𝑖𝑛2𝑥
𝑑𝑥 = 2

𝜋

0
 ∫

𝑥𝑠𝑖𝑛𝑥√1−𝑠𝑖𝑛2𝑥

3+𝑠𝑖𝑛2𝑥
𝑑𝑥

𝜋

0
 

[noting that the square root sign implies the positive root] 

= 𝜋 ∫
𝑠𝑖𝑛𝑥√1−𝑠𝑖𝑛2𝑥

3+𝑠𝑖𝑛2𝑥
𝑑𝑥

𝜋

0
 , by the original result 

Let 𝑢 = 𝑐𝑜𝑠𝑥, so that 𝑑𝑢 = −𝑠𝑖𝑛𝑥 𝑑𝑥, 

giving  𝜋 ∫
−|𝑢|

4−𝑢2 𝑑𝑢
−1

1
= 𝜋 ∫

|𝑢|

4−𝑢2 𝑑𝑢
1

−1
 

= 𝜋 ∫
−𝑢

4−𝑢2 𝑑𝑢
0

−1
+ 𝜋 ∫

𝑢

4−𝑢2 𝑑𝑢
1

0
  

=
𝜋

2
[ln|4 − 𝑢2|] 0

−1
−

𝜋

2
[ln|4 − 𝑢2|]

1
0

  

=
𝜋

2
{𝑙𝑛4 − 𝑙𝑛3} −

𝜋

2
{𝑙𝑛3 − 𝑙𝑛4}  

= 𝜋(𝑙𝑛4 − 𝑙𝑛3) = 𝜋𝑙𝑛 (
4

3
)  

 


