STEP 2006, Paper 1, Q10 - Solution (3 pages; 15/5/18)
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At points where the curve intersects the line y = xtana + b,

2

X
x—g—2=xtana+b
v

= gx? + xV2(tana — 1) + V?b (1)
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If the particle just touches the roof, (1) has repeated roots and so

A= 0:
V(tana — 1)> —4gV?b =0

= VZ|tana — 1| = 2V, /gb
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In order for the particle to reach the roof, a < 45°,

and so V(1 — tana) = 2,/gb
giving V(=1 + tana) = —2,/bg , as required
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If T is the required time, x = —=T, where xj is the x coordinate

V2
of R, which is the repeated root of (1),
__ —VZ%(tana-1) __ V(1-tana)
so that xp = 20 (2) and T = vz (3)

In order for P and Q to meet, Q must take time T to reach R.

Referring to the diagram above,
N2L along the slope gives —mgsina = ma,

so that a = —gsina

and xp = (UT — %gsina. TZ) cosa (4)



Combining (2), (3) & (4) gives:

-V2(tana—-1) _ V(1-tana) 1. V(1-tana)
29 - (U > gsina (—gﬁ )) cosa

SV = \/E (U _ V(1—t;l\1/1;)sina) coSa

V(1-tana)sinacosa
2

>+ = 2Ucosa

= 2v2Ucosa = V(2 + (1 — tana)sinacosa)

= V(2 + sinacosa — sin*a) , as required
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