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STEP 2005, Paper 2, Q1 - Solutions (2 pages; 10/5/18) 

 

𝑑

𝑑𝑥
(𝑥2𝑒−𝑥2

) = 2𝑥𝑒−𝑥2
+ 𝑥2(−2𝑥)𝑒−𝑥2

= 0  

⇒ 𝑥𝑒−𝑥2
(1 − 𝑥2) = 0  

⇒ 𝑥 = 0, −1 𝑜𝑟 1  

For the next part, we want the derivative of   𝑃(𝑥)𝑒−𝑥2
 to be of the 

form 

𝑥𝑒−𝑥2
(𝑎2 − 𝑥2)(𝑏2 − 𝑥2)    [1], in order to give the required 

solutions 

[because 𝑒−𝑥2
  will clearly be a factor when 𝑃(𝑥)𝑒−𝑥2

  is 

differentiated] 

Suppose that  𝑃(𝑥) = ∑ 𝑐𝑖𝑥𝑖𝑛
𝑖=1   , for some 𝑛 to be determined 

Then  
𝑑

𝑑𝑥
(𝑃(𝑥)𝑒−𝑥2

) = (𝑛𝑎𝑛𝑥𝑛−1 + ⋯ )𝑒−𝑥2
+ (𝑎𝑛𝑥𝑛 +

⋯ )(−2𝑥)𝑒−𝑥2
 

𝑒−𝑥2
(-2𝑎𝑛𝑥𝑛+1 + ⋯ ) 

Comparing this with [1], we see that 𝑛  needs to be 4, 

and  
𝑑

𝑑𝑥
(𝑃(𝑥)𝑒−𝑥2

) = (4𝑎4𝑥3 + 3𝑎3𝑥2 + 2𝑎2𝑥 + 𝑎1)𝑒−𝑥2
 

+(𝑎4𝑥4 + 𝑎3𝑥3 + 𝑎2𝑥2 + 𝑎1𝑥 + 𝑎0)(−2𝑥)𝑒−𝑥2
  

Then, equating coefficients of powers of 𝑥 gives: 

𝑥5:  1 = −2𝑎4 , so that   𝑎4 = −
1

2
 

[there will be no terms in 𝑥4 , 𝑥2 𝑜𝑟 𝑥0] 

𝑥3: −𝑎2 − 𝑏2 = 4𝑎4 − 2𝑎2 , so that  𝑎2 =
1

2
(𝑎2 + 𝑏2) + 2(−

1

2
) 
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ie  𝑎2 =
1

2
(𝑎2 + 𝑏2) − 1 

𝑥: 𝑎2𝑏2 = 2𝑎2 − 2𝑎0 , so that 𝑎0 =
1

2
(𝑎2 + 𝑏2) − 1 −

1

2
𝑎2𝑏2 

 

Thus  𝑃(𝑥) = −
1

2
𝑥4 +

1

2
(𝑎2 + 𝑏2 − 2)𝑥2 +

1

2
(𝑎2 + 𝑏2 − 𝑎2𝑏2 − 2) 

 


