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1st Part 

Let 𝑑1& 𝑑2 be the horizontal distances covered before and after 

the explosion (so that 𝑅 = 𝑑1 + 𝑑2). 

Also, let 𝑇1& 𝑇2 be the times taken to cover these distances. 

Then, if 𝐻 is the maximum height reached by the missile (before 

the explosion), the suvat equation ′𝑣2 = 𝑢2 + 2𝑎𝑠′ applied to the 

vertical component of motion gives 

0 = 𝑣2 + 2(−𝑔)𝐻, so that 𝐻 =
𝑣2

2𝑔
  (1) 

Also, ′𝑣 = 𝑢 + 𝑎𝑡′ (again, vertically) gives 0 = 𝑣 + (−𝑔)𝑇1, 

and (horizontally) 𝑑1 = 𝑢𝑇1 = 𝑢
𝑣

𝑔
 (2) 

Then, after the explosion, ′𝑠 = 𝑠0 + 𝑢𝑡 +
1

2
𝑎𝑡2′ (vertically) gives 

(with upwards as the positive direction): 

0 = 𝐻 + 𝑣𝑒𝑇2 +
1

2
(−𝑔)𝑇2

2   (*) 

and (horizonally) 𝑑2 = 𝑢𝑇2 (3) 

Then, from (*),  𝑔𝑇2
2 − 2𝑣𝑒𝑇2 − 2(

𝑣2

2𝑔
) = 0 , from (1), 

so that  𝑇2 =
2𝑣𝑒+√4𝑣𝑒

2+4𝑣2

2𝑔
 (taking the positive root) 

=
𝑣𝑒+√𝑣𝑒

2+𝑣2

𝑔
  (4) 

And so 
𝑔𝑅

𝑢
=

𝑔

𝑢
(𝑑1 + 𝑑2) = 𝑣 + 𝑔𝑇2  , from (2) & (3), 

= 𝑣 + 𝑣𝑒 + √𝑣𝑒
2 + 𝑣2  , from (4), as required. 

 

2nd Part 



 fmng.uk 

3 
 

[The fact that 𝐷 >
2𝑢𝑣

𝑔
 means that both 𝐷𝑔 − 2𝑢𝑣 & 𝐷𝑔 − 𝑢𝑣 are 

positive, so that the lower limit for 𝑣𝑒  that we are being asked to  

establish is a positive value. (If it were negative, it would  

automatically be satisfied.)] 

The requirement that 𝑅 > 𝐷 is equivalent to 
𝑔𝑅

𝑢
>

𝑔𝐷

𝑢
 , 

or  
𝑔𝑅

𝑢
> 𝐷′, where 𝐷′ =

𝑔𝐷

𝑢
    (1) 

And 𝑣𝑒 >
𝑔𝐷

2𝑢
(

𝑔𝐷−2𝑢𝑣

𝑔𝐷−𝑢𝑣
) is equivalent to 𝑣𝑒 >

𝐷′

2
(

𝐷′−2𝑣

𝐷′−𝑣
)  (2) 

Also, from the 1st Part, (1) is equivalent to  

𝑣 + 𝑣𝑒 + √𝑣𝑒
2 + 𝑣2 > 𝐷′  (1′) 

 

Result to prove: (2) ⇒ (1′) 

Now, (1′) ⇔ √𝑣𝑒
2 + 𝑣2 > 𝐷′ − 𝑣 − 𝑣𝑒  (A) 

Consider (B): 𝑣𝑒
2 + 𝑣2 > (𝐷′ − 𝑣 − 𝑣𝑒)2 

As √𝑣𝑒
2 + 𝑣2 ≥ 0, (B) ⇒ (𝐴) [whether or not 𝐷′ − 𝑣 − 𝑣𝑒 > 0] 

[though (B) ⇏ (𝐴), as it may be the case that 𝐷′ − 𝑣 − 𝑣𝑒 > 0] 

 

So, result to prove is now: (2) ⇒ (𝐵) 

(then, from the above, (2) ⇒ (𝐵) ⇒ (𝐴) ⇒ (1′)). 

where (2) is: 𝑣𝑒 >
𝐷′

2
(

𝐷′−2𝑣

𝐷′−𝑣
)  ,  

and (B) is 𝑣𝑒
2 + 𝑣2 > (𝐷′ − 𝑣 − 𝑣𝑒)2, which is equivalent to 

0 > (𝐷′)2 − 2𝐷′𝑣 − 2𝐷′𝑣𝑒 + 2𝑣𝑣𝑒   (𝐵′) 
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And (2): 𝑣𝑒 >
𝐷′

2
(

𝐷′−2𝑣

𝐷′−𝑣
)  is equivalent to 

2𝑣𝑒(𝐷′ − 𝑣) > (𝐷′)2 − 2𝐷′𝑣  

(as 𝐷′ − 𝑣 > 0, given that 𝐷 >
2𝑢𝑣

𝑔
, so that 𝐷′ =

𝑔𝐷

𝑢
> 2𝑣 > 𝑣), 

which is equivalent to  (𝐵′). 

Thus, in particular, (2) ⇒ (𝐵′) ≡ (𝐵), as required. 

 

 

 

 


