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(1) Definition

(Applies to Discrete random variables that take non-negative
integer values.)

Gy(s) = E(s®) = X5 oprs™, where p, = Prob(X = k)

When [s| < 1,5 0Pk < X opk = 1, so that the series

converges for |s| < 1
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As well as generating probabilities, the pgf can be used to
establish the mean and variance.

(2) Bernouilli & Binomial distributions

For a Bernouilli (single trial Binomial) random variable,

Gx(s) =q +ps

For Y~B(n,p):

n _ n -
Gy(s) = Xpo () P*a" 5% = T o (1) @9)*a" " = (q +ps)"

Notes
(i) n = 1 gives the Bernouilli distribution
(ii) Gy (s) = [Gx(s)]™, where X has the Bernouilli distribution

(generally true whenY = X; + --- + X,, , where the X; have the
same distribution - see later on)

(3) Poisson distribution

e~k
k!]

Find the PGF for X~Po(1) [P(X = k) =



e—/l(els) — e/l(s—l)
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(4) Mean and Variance

Gx(S) = Xk=o Pksk

So Gx(s) = Yo kprs™?

and Gy (1) = E[X]

Similarly, Gy (1) = E[X(X — 1)]

Find an expression involving the derivatives of Gy (s) for Var(X)
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Var(X) = E(X?) — [E(X)]?

= E[X(X - D] + E[X] — [EC)]?
= Gy (1) + Gx(1) — [Gx(1)]?

If X~P,(1), prove that Var(X) = 1, given that Gy(s) = A~V
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Gy (s) = e?™D)
Gy(s) = 126D & G, (s) = A2eAs-D
Var(X) = G{ (1) + G, (1) — [G(1)]?
=2+1-22=2
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(5) Establishing the distribution from the pgf

Given that Gx(s) = 1?—25 , what is the distribution of X?
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ps
1—qs]

[Gx(s) =

Gx(s) =ps(1+qs+(qs)* + )

The coefficient of s* is p,, = pg*~?!

So X has a Geometric distribution.
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(6) Sum of independent random variables

If X & Y are independent random variables, then
Gx+y(s) = Gx(s)Gy(s)

Proof

Gy4y(s) = E(s**") = E(s*s")

= E(s*)E(s¥) (byindependence)

= Gx(s)Gy(s)

Example
If X,~P,(1,) & X,~P,(1,) and X; & X, are independent,
then Gy ,x,(s) = Gy, (s)Gx,(s) = eM(5—1) pAa(s—1) — p(A1+22)(s—1)

= X, + X,~P, (1, + 1)

(See STEP 2015, P3, Q12 for a variation on this.)
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Let Y = a + bX.Then Gy(s) = E(s¥) = s2E(sP*) = s%Gy(s?)

PGF of Negative Binomial distribution?

X=X, +-+X,,where X;~Geo(p)
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n
Gy, (s) = f—:s, s0 Gx(s) = (12_9;)

[See Appendix for derivation from 1st principles.]

E(X) =2

11
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Gx(s) = ( 2 )n

1-qs
So Gx(s) =n (1?25)71—1 . (1“?(51)19;32352(—q)

and E(X) = Gx(1) =n (%)”_1 . (1—2;:11)92(—61)
=nt = .

p
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(7) Obtaining probabilities from the pgf

Given Gy(s), the p; can be obtained by either of the following
methods:

(a) expanding Gy (s), to find the coefficient of s*

(b) P =5 Gx(0) (for k > 0)

(8) Sum of variable number of independent random variables

If X;,X5,... & N are independent random variables, where the X;
have pgf Gx(s), then Sy = X; + X, + --- + Xy has pgf

GSN(S) = GN(GX(S))

Proof

Gsy(s) = E(s°N) = X7 0 E(s*")P(N = n)
=Y JE(s¥1s%z . s*n) P(N = n)

=¥ JE(s*)E(s*2) ...E(s*™) P(N = n)

(as the X; are independent)

=22 (Gx(s))" P(N = n) = Gy(Gx(s))

(With the same notation as above) E(Sy) = E(N)E (X)

Proof
E(Sy) = G,SN(l)
and G's, (s) = % [GN(GX(S))] (from earlier)

= G,N(GX(S))G,X(S)
[noting that G’ N(GX (S)) means the derivative wrt Gy (s)]

So E(Sy) = G’SN(l) = G,N(GX(l))G,X(l)

13
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=G y(1)G'x(1) ,asGx(1) = LpZopr =1
= E(N)E(X)

(With the same notation as above)
Var(Sy) = E(N)Var(X) + Var(N)[E(X)]?
[See PGF Exercises for proof.]

['Poisson hen'] A hen lays N eggs, where N~P,(1), and each egg
has probability p of hatching. It can be shown that the total
number of eggs that hatch ~P, (Ap).

[See PGF Exercises for proof.]
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Appendix: pgf of Negative Binomial random variable

Approach A (From 1st Principles)

Negative Binomial: py, = (X ~ 1) p"~1q(-D--1p

(probability of nth success on kth attempt

= P(n — 1 successes in k — 1 trials) X P(success on kth trial))

=(7lft 1)19 q“" (k= m)

Gy(s) = Xi=n (n _ 1) ptq< sk

= (Ps)" Xk-n=0 ((k 1I§ : gn _ 1)) fonghon

= 05)" Tonmo (1) (as)F ™

= )" 2o (" T ) (@sy

r

= syt +ngs+ ("7 ) @92 + (M%) (@977 + )

(n+ 1n (n +2)(n+ 1)n
T @

= (ps)"{1 + (—n)(—qs) + T2 (—gs)?

-n(-n-1)(—n-2)n 3
SR (—gs)? + )

= (ps)™{1 + ngs + (gs)3 + -}

+

= @)1 - g9) ™" = ()"

1-qgs

Approach B: Using Geometric pgf (see Exercises)
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Notes
(a) n = 1 gives the Geometric distribution

(b) Gy(s) = [Gx(s)]™, where X has the Geometric distribution
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