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Probability Generating Functions (5 pages; 23/8/16) 

 

(1) 𝐺𝑋(𝑠) = 𝐸(𝑠𝑋) = ∑ 𝑝𝑘𝑠𝑘∞
𝑘=0  

 

(2) 𝐺𝑋(1) = ∑ 𝑝𝑘
∞
𝑘=0 = 1 

and ∑ 𝑝𝑘𝑠𝑘∞
𝑘=0 ≤ ∑ 𝑝𝑘

∞
𝑘=0   when |𝑠| ≤ 1, so that the series 

converges for |𝑠| ≤ 1 

 

(3) Examples 

(i) Bernouilli (single trial Binomial): 𝑞 + 𝑝𝑠 

 

(ii) Binomial:  𝐵(𝑛, 𝑝);  𝑝𝑘 = (
𝑛
𝑘

) 𝑝𝑘𝑞𝑛−𝑘 

𝐺𝑋(𝑠) = ∑ (
𝑛
𝑘

) 𝑝𝑘𝑞𝑛−𝑘𝑠𝑘𝑛
𝑘=0 = ∑ (

𝑛
𝑘

) (𝑝𝑠)𝑘𝑞𝑛−𝑘𝑛
𝑘=0 = (𝑞 + 𝑝𝑠)𝑛  

Notes 

(a) 𝑛 = 1 gives the Bernouilli distribution 

(b) 𝐺𝑋(𝑠) = [𝐺𝑌(𝑠)]𝑛, where 𝑌 has the Bernouilli distribution 

(generally true when 𝑋 = 𝑌1 + ⋯ + 𝑌𝑛 , where the 𝑌𝑖  have the 

same distribution) 

 

(iii) Poisson:  𝑃𝑜(𝜆);  𝑝𝑘 =
𝑒−𝜆𝜆𝑘

𝑘!
 

𝐺𝑋(𝑠) = ∑
𝑒−𝜆𝜆𝑘

𝑘!
𝑠𝑘∞

𝑘=0 = 𝑒−𝜆 ∑
(𝜆𝑠)𝑘

𝑘!
=∞

𝑘=0  𝑒−𝜆(𝑒𝜆𝑠) = 𝑒𝜆(𝑠−1) 
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(iv) Geometric: 𝑝𝑘 = 𝑞𝑘−1𝑝  (probability of 1st success on 𝑘th 

attempt) 

𝐺𝑋(𝑠) = ∑ 𝑞𝑘−1𝑝𝑠𝑘∞
𝑘=1 = 𝑝𝑠 ∑ (𝑞𝑠)𝑘−1∞

𝑘=1 =
𝑝𝑠

1−𝑞𝑠
  if |𝑞𝑠| < 1; ie 

|𝑠| <
1

𝑞
 

 

(v) Negative Binomial: 𝑝𝑘 = (
𝑘 − 1
𝑛 − 1

) 𝑝𝑛−1𝑞(𝑘−1)−(𝑛−1)𝑝 

(probability of 𝑛th success on 𝑘th attempt 

= 𝑃(𝑛 − 1 𝑠𝑢𝑐𝑐𝑒𝑠𝑠𝑒𝑠 𝑖𝑛 𝑘 − 1 𝑡𝑟𝑖𝑎𝑙𝑠) × 𝑃(𝑠𝑢𝑐𝑐𝑒𝑠𝑠 𝑜𝑛 𝑘𝑡ℎ 𝑡𝑟𝑖𝑎𝑙) ) 

= (
𝑘 − 1
𝑛 − 1

) 𝑝𝑛𝑞𝑘−𝑛  (𝑘 ≥ 𝑛) 

𝐺𝑋(𝑠) = ∑ (
𝑘 − 1
𝑛 − 1

) 𝑝𝑛𝑞𝑘−𝑛𝑠𝑘∞
𝑘=𝑛   

= (𝑝𝑠)𝑛 ∑ (
𝑘 − 1

(𝑘 − 1) − (𝑛 − 1)
) 𝑞𝑘−𝑛𝑠𝑘−𝑛∞

𝑘−𝑛=0   

= (𝑝𝑠)𝑛 ∑ (
𝑘 − 1
𝑘 − 𝑛

) (𝑞𝑠)𝑘−𝑛∞
𝑘−𝑛=0   

= (𝑝𝑠)𝑛 ∑ (
𝑛 + 𝑟 − 1

𝑟
) (𝑞𝑠)𝑟∞

𝑟=0   

= (𝑝𝑠)𝑛{1 + 𝑛𝑞𝑠 + (
𝑛 + 1

2
) (𝑞𝑠)2 + (

𝑛 + 2
3

) (𝑞𝑠)3 + ⋯ }  

= (𝑝𝑠)𝑛{1 + 𝑛𝑞𝑠 +
(𝑛 + 1)𝑛

2!
(𝑞𝑠)2 +

(𝑛 + 2)(𝑛 + 1)𝑛

3!
(𝑞𝑠)3 + ⋯ } 

= (𝑝𝑠)𝑛{1 + (−𝑛)(−𝑞𝑠) +
(−𝑛)(−𝑛−1)

2!
(−𝑞𝑠)2  

+
−𝑛(−𝑛−1)(−𝑛−2)𝑛

3!
(−𝑞𝑠)3 + ⋯ }  
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= (𝑝𝑠)𝑛(1 − 𝑞𝑠)−𝑛 = (
𝑝𝑠

1−𝑞𝑠
)

𝑛
  

Notes 

(a) 𝑛 = 1 gives the Geometric distribution  

(b) 𝐺𝑋(𝑠) = [𝐺𝑌(𝑠)]𝑛, where 𝑌 has the Geometric distribution 

 

(4) Uniqueness theorem: 

 𝐺𝑋(𝑠) = 𝐺𝑌(𝑠)  (for all 𝑠) ⇔ 𝑃(𝑋 = 𝑘) = 𝑃(𝑌 = 𝑘) for all 𝑘 

𝑖𝑒 𝑋 & 𝑌 have the same distribution 

 

(5) Given 𝐺𝑋(𝑠),  the 𝑝𝑘 can be obtained by either of the following 

methods: 

(a) expanding 𝐺𝑋(𝑠), to find the coefficient of 𝑠𝑘 

(b) 𝑝𝑘 =
1

𝑘!
𝐺𝑋

(𝑘)
(0)  (for 𝑘 > 0) 

 

(6) 𝐺𝑋
(𝑟)(1) = 𝐸[𝑋(𝑋 − 1) … (𝑋 − [𝑟 − 1])]   

𝐺𝑋
′ (1) = 𝐸[𝑋]   

and   𝐺𝑋
′′(1) = 𝐸[𝑋(𝑋 − 1)],   

so that  𝑉𝑎𝑟(𝑋) = 𝐸(𝑋2) − [𝐸(𝑋)]2 

+𝐸[𝑋(𝑋 − 1)] + 𝐸[𝑋] − [𝐸(𝑋)]2   

= 𝐺𝑋
′′(1) + 𝐺𝑋

′ (1) − [𝐺𝑋
′ (1)]2   

Example 

If  𝑋~𝑃𝑜(𝜆), 𝐺𝑋(𝑠) = 𝑒𝜆(𝑠−1)  
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𝐺𝑋
′ (𝑠) = 𝜆𝑒𝜆(𝑠−1) & 𝐺′′𝑋

 (𝑠) = 𝜆2𝑒𝜆(𝑠−1)  

𝑉𝑎𝑟(𝑋) = 𝐺𝑋
′′(1) + 𝐺𝑋

′ (1) − [𝐺𝑋
′ (1)]2  

= 𝜆2 + 𝜆 − 𝜆2 = 𝜆  

 

(7) If 𝑋 & 𝑌 are independent random variables, then 

𝐺𝑋+𝑌(𝑠) = 𝐺𝑋(𝑠)𝐺𝑌(𝑠)  

Proof 

𝐺𝑋+𝑌(𝑠) = 𝐸(𝑠𝑋+𝑌) = 𝐸(𝑠𝑋𝑠𝑌)  

= 𝐸(𝑠𝑋)𝐸(𝑠𝑌)  (by independence) 

= 𝐺𝑋(𝑠)𝐺𝑌(𝑠)  

Example 

If  𝑋1~𝑃𝑜(𝜆1) & 𝑋2~𝑃𝑜(𝜆2) and 𝑋1 & 𝑋2 are independent, 

then 𝐺𝑋1+𝑋2
(𝑠) = 𝐺𝑋1

(𝑠)𝐺𝑋2
(𝑠) = 𝑒𝜆1(𝑠−1)𝑒𝜆2(𝑠−1) = 𝑒(𝜆1+𝜆2)(𝑠−1) 

⇒ 𝑋1 + 𝑋2~𝑃𝑜(𝜆1 + 𝜆2)  

 

(8) Let  𝑌 = 𝑎 + 𝑏𝑋. Then 𝐺𝑌(𝑠) = 𝐸(𝑠𝑌) = 𝑠𝑎𝐸(𝑠𝑏𝑥) = 𝑠𝑎𝐺𝑋(𝑠𝑏) 

 

(9) If 𝑋1, 𝑋2, …  & 𝑁 are independent random variables, where the 

𝑋𝑖  have pgf  𝐺𝑋(𝑠),  then  𝑆𝑁 = 𝑋1 + 𝑋2 + ⋯ + 𝑋𝑁 has pgf 

𝐺𝑆𝑁
(𝑠) = 𝐺𝑁(𝐺𝑋(𝑠))  

Proof 

𝐺𝑆𝑁
(𝑠) = 𝐸(𝑠𝑆𝑁) = ∑ 𝐸(∞

𝑛=0 𝑠𝑆𝑛)𝑃(𝑁 = 𝑛)  

= ∑ 𝐸(𝑠𝑋1𝑠𝑋2 … 𝑠𝑋𝑛)∞
𝑛=0 𝑃(𝑁 = 𝑛)  
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= ∑ 𝐸(𝑠𝑋1)𝐸(𝑠𝑋2) … 𝐸(𝑠𝑋𝑛)∞
𝑛=0 𝑃(𝑁 = 𝑛)  

(as the 𝑋𝑖  are independent) 

= ∑ (𝐺𝑋(𝑠))
𝑛∞

𝑛=0 𝑃(𝑁 = 𝑛) = 𝐺𝑁(𝐺𝑋(𝑠))   

 

(10) (With the same notation as in (9))  𝐸(𝑆𝑁) = 𝐸(𝑁)𝐸(𝑋)  

Proof 

From (6),  𝐸(𝑆𝑁) = 𝐺′
𝑆𝑁

(1)  

and  𝐺′
𝑆𝑁

(𝑠) =
𝑑

𝑑𝑠
[𝐺𝑁(𝐺𝑋(𝑠))]   , by (9) 

= 𝐺′𝑁(𝐺𝑋(𝑠))𝐺′𝑋(𝑠)     

[noting that 𝐺′
𝑁(𝐺𝑋(𝑠)) means the derivative wrt 𝐺𝑋(𝑠)] 

So 𝐸(𝑆𝑁) = 𝐺′
𝑆𝑁

(1) = 𝐺′𝑁(𝐺𝑋(1))𝐺′𝑋(1)    

= 𝐺′𝑁(1)𝐺′𝑋(1)     , as 𝐺𝑋(1) = ∑ 𝑝𝑘 = 1∞
𝑘=0  

= 𝐸(𝑁)𝐸(𝑋)  

 

(11) (With the same notation as in (9)) 

𝑉𝑎𝑟(𝑆𝑁) = 𝐸(𝑁)𝑉𝑎𝑟(𝑋) + 𝑉𝑎𝑟(𝑁)[𝐸(𝑋)]2  

[See Statistics Exercises for proof] 

 

(12) ['Poisson hen'] A hen lays 𝑁 eggs, where 𝑁~𝑃𝑜(𝜆), and each 

egg has probability 𝑝 of hatching. It can be shown that the total 

number of eggs that hatch ~𝑃𝑜(𝜆𝑝). 

[See Statistics Exercises for proof] 

 


