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Probability Generating Functions (5 pages; 23/8/16)
(1) Gx(s) = E(s*) = D=0 PiS”

(2) Gx(1) = Xioopk = 1

and Y5, prs® < Yo Pk when |s| < 1, so that the series
converges for |s| < 1

(3) Examples

(i) Bernouilli (single trial Binomial): g + ps

(if) Binomial: B(n,p); pe = () P*q" ™"

Gx(s) = Xpo (3, PFa*s* = Bio (1)) ()K" = (q +ps)"
Notes

(a) n = 1 gives the Bernouilli distribution

(b) Gx(s) = [Gy(s)]™, where Y has the Bernouilli distribution

(generally true when X =Y; + --- + Y, , where the Y; have the
same distribution)

—lak
k!

(iii) Poisson: P,(1); py =
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(iv) Geometric: p;, = q*~'p (probability of 1st success on kth
attempt)

Gx(s) = Tizr 4“7 'ps* = ps Tii(gs)* " = - if lgs| < 1;ie

1
s| < -
q

(v) Negative Binomial: p;, = (fl : D pn—lq(k—l)—(n—l)p

(probability of nth success on kth attempt

= P(n — 1 successes in k — 1 trials) X P(success on kth trial))

=(fl 1)10 q“" (k= m)

0o k - 1 -
Gx(s) = LiZn (n _ 1) ptatTms"

= (ps)" Xk-n=0 ((k _ 1I§ : gn _ 1)) fenglon

= 09" itnmo (1) (@)™

= s 2o (" T ) (@sy

r
= syt +ngs+ ("7 ) @92 + (" 2) (@977 + )

(n+ 1)n (n +2)(n+ 1)n
—r (qs)? + T

= (ps)™{1 + ngs + (gs)® + -}

= (ps)™{1 + (—n)(—gs) + TLH (—gs)?

—n(-n-1)(-n-2)n (—gs)3 + )

+
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n
= ()" (1 - a9)™ = ()
Notes
(a) n = 1 gives the Geometric distribution

(b) Gx(s) = [Gy(s)]™, where Y has the Geometric distribution

(4) Uniqueness theorem:
Gx(s) = Gy(s) (foralls) ® P(X =k) =P(Y =k)forallk

ie X &Y have the same distribution

(5) Given Gx(s), the p; can be obtained by either of the following
methods:

(a) expanding Gy (s), to find the coefficient of s*

(b) P =5 Gy (0) (for k > 0)

6) G(1) = E[X(X = 1) .. (X — [r — 1])]
Gx(1) = E[X]

and GJ(1) = E[X(X — 1)],

so that Var(X) = E(X?) — [E(X)]?
+E[X(X — D] + E[X] — [E(X)]?

= Gy (1) + Gx(1) — [Gx(D]?

Example

If X~P,(1), Gx(s) = eA5~1)
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G),((S) = e g G”X(S) — 12pA(s—1)

Var(X) = GZ(1) + GL(1) — [GL(1)]?
=22+1-22=21

(7)) If X & Y are independent random variables, then

Gx+y(s) = Gx(s)Gy(s)

Proof

Gxry(s) = E(s*™) = E(s*s")

= E(s*)E(s¥) (by independence)

= Gx(s)Gy(s)

Example

If X,~P,(1,) & X,~P,(1,) and X; & X, are independent,

then Gy, 4x,(s) = Gy, (s)Gx, (s) = eM D271 = p(1+d2)(s~1)

= Xl + XZNPO(Al + Az)

(8) Let Y = a + bX. Then Gy(s) = E(s¥) = s2E(s?*) = s%Gx(s?)

(9) If X1, X5, ... & N are independent random variables, where the
X; have pgf Gx(s), then Sy = X; + X, + -+ + Xy has pgf

GSN(S) = GN(GX(S))
Proof
Gsy (s) = E(s%) = 24 E(s5)P(N = n)

=Y JE(s¥1s%z . s*n) P(N = n)
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=¥ E(s*)E(s%2) ...E(s*™) P(N = n) g

(as the X; are independent)

= Z?zozo(GX(S))nP(N =n) = GN(GX(S))

(10) (With the same notation asin (9)) E(Sy) = E(N)E(X)
Proof

From (6), E(Sy) = G's, (1)

and G'g, (s) = = [Gn(Gx(5))] , by (9)

= G'n(Gx(5))G'x(s)

[noting that G’y (G (s)) means the derivative wrt Gy (s)]
S0 E(Sy) = G's, (1) = G'y(Gx (1)) G'x (1)

=G'y(DG'x(1) ,asGx(1) = Xplopi =1
= E(N)E(X)

(11) (With the same notation as in (9))
Var(Sy) = E(N)Var(X) + Var(N)[E(X)]?

[See Statistics Exercises for prooff]

(12) ['Poisson hen'] A hen lays N eggs, where N~P,(1), and each
egg has probability p of hatching. It can be shown that the total
number of eggs that hatch ~P, (Ap).

[See Statistics Exercises for prooff]



