Probability Generating Function Q1 [Problem/H]
(12/6/21)



Given that X4, X;, ..., Xy & N are independent random variables,
where the X; are all distributed as X, and that

Sy = X1 + Xy 4+ Xy,

prove that Var(Sy) = E(N)Var(X) + Var(N)[E(X)]?
The following results may be used:

(A) E(X) = Gx(1)

(B) VarX = G (1) + Gx(1) — [Gx(D]?

(C) Gs,(s) = Gn(Gx(s))

(D) E(Sy) = E(N)E(X)
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Solution
From (B), Var(Sy) = G{ (1) + G4 (1) — [64 (D]
From (C), G’SN(S) = G,N(GX(S))G’X(S)
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sothat G" 5, (1) = 6" y(D[Gx(D]* + 6"y (6x(1))6"x (1)
From (B), VarN = Gy (1) + Gy (1) — [G(D]?,

so that Var(Sy) = {(VarN — Gy (1) + [GL(D)]?}Gx(1)]?
+6'y (DG "5 (1D+GE (1) =[G4 (D], since Gy(1) = 1
= {VarN — E(N) + [E(N)]*}[E(X)]?

FEMN{G" x(D}+G5, (D) — [65, D]

Then, from (B), VarX = Gy (1) + Gx(1) — [Gx(1)]?

and, from (A), E(X) = G4 (1)



Also, from (A)&(D), G's, (1) = E(N)E(X)

Hence Var(Sy) = {VarN — E(N) + [E(N)]?}E(X)]?
+E(N){VarX — E(X) + [ECOPHEN)E(X) — [E(N)E (X)]?
=VarN[E(X)]* + E(N)VarX

= E(N)Var(X) + Var(N)[E(X)]?, as required



