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PGFs - Exercises (11 pages; 26/2/25)  

 

Given that 𝑋1, 𝑋2, … , 𝑋𝑁 & 𝑁 are independent random variables, 

where the 𝑋𝑖   are all distributed as 𝑋, and that 

𝑆𝑁 = 𝑋1 + 𝑋2 + ⋯ + 𝑋𝑁 , 

prove that  𝑉𝑎𝑟(𝑆𝑁) = 𝐸(𝑁)𝑉𝑎𝑟(𝑋) + 𝑉𝑎𝑟(𝑁)[𝐸(𝑋)]2  

The following results may be used: 

(A)  𝐸(𝑋) = 𝐺𝑋
′ (1)  

(B)  𝑉𝑎𝑟𝑋 = 𝐺𝑋
′′(1) + 𝐺𝑋

′ (1) − [𝐺𝑋
′ (1)]2  

(C)  𝐺𝑆𝑁
(𝑠) = 𝐺𝑁(𝐺𝑋(𝑠)) 

(D)  𝐸(𝑆𝑁) = 𝐸(𝑁)𝐸(𝑋)  

 

  



 fmng.uk 

2 
 

Solution 

From (B),  𝑉𝑎𝑟(𝑆𝑁) = 𝐺𝑆𝑁

′′ (1) + 𝐺𝑆𝑁

′ (1) − [𝐺𝑆𝑁

′ (1)]
2

 

From (C),  𝐺′
𝑆𝑁

(𝑠) = 𝐺′𝑁(𝐺𝑋(𝑠))𝐺′𝑋(𝑠) 

= {
𝑑

𝑑𝑢
𝐺𝑁(𝑢)}

𝑑𝑢

𝑑𝑠
 , where 𝑢 = 𝐺𝑋(𝑠) 

Then  𝐺′′ 
𝑆𝑁

(𝑠) =
𝑑

𝑑𝑠
[{

𝑑

𝑑𝑢
𝐺𝑁(𝑢)}

𝑑𝑢

𝑑𝑠
] 

= {
𝑑2

𝑑𝑢2 𝐺𝑁(𝑢)}
𝑑𝑢

𝑑𝑠
.

𝑑𝑢

𝑑𝑠
+ {

𝑑

𝑑𝑢
𝐺𝑁(𝑢)}

𝑑2𝑢

𝑑𝑠2   

so that  𝐺′′ 
𝑆𝑁

(1) = 𝐺′′𝑁(1)[𝐺𝑋
′ (1)]2 + 𝐺′𝑁(𝐺𝑋(1))𝐺′′𝑋(1) 

From (B), 𝑉𝑎𝑟𝑁 = 𝐺𝑁
′′(1) + 𝐺𝑁

′ (1) − [𝐺𝑁
′ (1)]2, 

so that 𝑉𝑎𝑟(𝑆𝑁) = {𝑉𝑎𝑟𝑁 − 𝐺𝑁
′ (1) + [𝐺𝑁

′ (1)]2}[𝐺𝑋
′ (1)]2 

+𝐺′𝑁(1)𝐺′′𝑋(1)+𝐺𝑆𝑁

′ (1) − [𝐺𝑆𝑁

′ (1)]
2

  , since 𝐺𝑋(1) = 1 

= {𝑉𝑎𝑟𝑁 − 𝐸(𝑁) + [𝐸(𝑁)]2}[𝐸(𝑋)]2  

+𝐸(𝑁){𝐺′′
𝑋(1)}+𝐺𝑆𝑁

′ (1) − [𝐺𝑆𝑁

′ (1)]
2

 

Then, from (B),  𝑉𝑎𝑟𝑋 = 𝐺𝑋
′′(1) + 𝐺𝑋

′ (1) − [𝐺𝑋
′ (1)]2   

and, from (A), 𝐸(𝑋) = 𝐺𝑋
′ (1) 

Also, from (A)&(D), 𝐺′
𝑆𝑁

(1) = 𝐸(𝑁)𝐸(𝑋) 

 

Hence   𝑉𝑎𝑟(𝑆𝑁) = {𝑉𝑎𝑟𝑁 − 𝐸(𝑁) + [𝐸(𝑁)]2}[𝐸(𝑋)]2  

+𝐸(𝑁){𝑉𝑎𝑟𝑋 − 𝐸(𝑋) + [𝐸(𝑋)]2}+𝐸(𝑁)𝐸(𝑋) − [𝐸(𝑁)𝐸(𝑋)]2 

= 𝑉𝑎𝑟𝑁[𝐸(𝑋)]2 + 𝐸(𝑁)𝑉𝑎𝑟𝑋  

= 𝐸(𝑁)𝑉𝑎𝑟(𝑋) + 𝑉𝑎𝑟(𝑁)[𝐸(𝑋)]2 , as required 
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A hen lays 𝑁 eggs, where 𝑁~𝑃𝑜(𝜆), and each egg has probability 𝑝 

of hatching. Using any results about probability generating 

functions , show that the total number of eggs that hatch ~𝑃𝑜(𝜆𝑝) 

['Poisson hen'] 
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Solution 

Let the total number of eggs that hatch be 𝑍 = 𝑋1 + ⋯ + 𝑋𝑁 , 

where the 𝑋𝑖~Bernouilli(𝑝). 

Then 𝐺𝑍(𝑠) = 𝐺𝑁(𝐺𝑋(𝑠))   

with  𝐺𝑁(𝑠) = 𝑒𝜆(𝑠−1)  and  𝐺𝑋(𝑠) = (1 − 𝑝) + 𝑝𝑠, 

so that  𝐺𝑍(𝑠) = 𝑒𝜆(−𝑝+𝑝𝑠) = 𝑒𝜆𝑝(𝑠−1) 

and hence 𝑍~𝑃𝑜(𝜆𝑝), as required. 
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Given that the pgf for the Binomial random variable 𝑋~𝐵(𝑛, 𝑝)  is 

(𝑞 + 𝑝𝑠)𝑛 , prove that 𝐸(𝑋) = 𝑛𝑝  and 𝑉𝑎𝑟(𝑋) = 𝑛𝑝𝑞  

(where 𝑞 = 1 − 𝑝) [standard results for pgfs can be used] 
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Solution 

As 𝐺′𝑋(𝑠) = 𝑛(𝑞 + 𝑝𝑠)𝑛−1𝑝,  𝐸(𝑋) = 𝐺𝑋
′ (1) = 𝑛𝑝 

 

And  𝐺′′𝑋(𝑠) = 𝑛(𝑛 − 1)(𝑞 + 𝑝𝑠)𝑛−2𝑝2, 

so that 𝑉𝑎𝑟(𝑋) = 𝐺𝑋
′′(1) + 𝐺𝑋

′ (1) − [𝐺𝑋
′ (1)]2 

= 𝑛(𝑛 − 1)𝑝2 + 𝑛𝑝 − (𝑛𝑝)2  

= 𝑛𝑝[(𝑛 − 1)𝑝 + 1 − 𝑛𝑝]  

= 𝑛𝑝𝑞  
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Establish the pgf for a Geometric random variable, and hence 

find 𝐸(𝑋) and 𝑉𝑎𝑟(𝑋). 
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Solution 

𝐺𝑋(𝑠) = 𝐸(𝑠𝑋) = ∑ 𝑝𝑘𝑠𝑘∞
𝑘=0 = ∑ 𝑞𝑘−1𝑝𝑠𝑘∞

𝑘=1   

= 𝑝𝑠 ∑ (𝑞𝑠)𝑘−1∞
𝑘=1 =

𝑝𝑠

1−𝑞𝑠
  if |𝑞𝑠| < 1; ie |𝑠| <

1

𝑞
 

𝐺′𝑋(𝑠) =
(1−𝑞𝑠)𝑝−𝑝𝑠(−𝑞)

(1−𝑞𝑠)2 =
𝑝

(1−𝑞𝑠)2  

and  𝐺′′𝑋(𝑠) =
−2(−𝑞)𝑝

(1−𝑞𝑠)3 =
2𝑞𝑝

(1−𝑞𝑠)3   

Then 𝐸(𝑋) = 𝐺𝑋
′ (1) =

1

𝑝
  

and 𝑉𝑎𝑟(𝑋) = 𝐺𝑋
′′(1) + 𝐺𝑋

′ (1) − [𝐺𝑋
′ (1)]2 

=
2𝑞

𝑝2 +
1

𝑝
−

1

𝑝2 =
2(1−𝑝)+𝑝−1

𝑝2 =
1−𝑝

𝑝2  𝑜𝑟  
𝑞

𝑝2 
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Using  the pgf for a Geometric random variable (and standard 

results for pgfs), find 𝐸(𝑌) and 𝑉𝑎𝑟(𝑌) for a Negative Binomial 

random variable, 𝑌~𝑛𝑏(𝑛, 𝑝). 

  



 fmng.uk 

10 
 

Solution 

𝑌 = 𝑋1 + ⋯ + 𝑋𝑛 , where 𝑋𝑖~𝐺𝑒𝑜(𝑝) 

𝐺𝑋1+𝑋2
(𝑠) = 𝐺𝑋1

(𝑠)𝐺𝑋2
(𝑠) , where 𝑋1& 𝑋2 are independent  

random variables 

𝐺𝑋𝑖
(𝑠) =

𝑝𝑠

1−𝑞𝑠
 , so that (extending the above to a sum of 𝑛 

variables)  𝐺𝑌(𝑠) = (
𝑝𝑠

1−𝑞𝑠
)

𝑛
 

Then 𝐺𝑌
′ (𝑠) = 𝑛 (

𝑝𝑠

1−𝑞𝑠
)

𝑛−1
.

(1−𝑞𝑠)𝑝−𝑝𝑠(−𝑞)

(1−𝑞𝑠)2  (by the Quotient rule) 

= 𝑛 (
𝑝𝑠

1−𝑞𝑠
)

𝑛−1
.

𝑝

(1−𝑞𝑠)2 =
𝑛𝑝𝑛𝑠𝑛−1

(1−𝑞𝑠)𝑛+1  

and so 𝐸(𝑌) = 𝐺𝑌
′ (1) =

𝑛𝑝𝑛

𝑝𝑛+1 =
𝑛

𝑝
 

 

𝑉𝑎𝑟(𝑌) = 𝐺𝑌
′′(1) + 𝐺𝑌

′ (1) − [𝐺𝑌
′ (1)]2  

As 𝐺𝑌
′ (𝑠) =

𝑛𝑝𝑛𝑠𝑛−1

(1−𝑞𝑠)𝑛+1 ,  

𝐺𝑌
′′(𝑠) =

𝑛𝑝𝑛[(1−𝑞𝑠)𝑛+1(𝑛−1)𝑠𝑛−2−𝑠𝑛−1(𝑛+1)(1−𝑞𝑠)𝑛(−𝑞)]

(1−𝑞𝑠)2(𝑛+1)   

(by the Quotient rule), 

and hence 𝐺𝑌
′′(1) =

𝑛𝑝𝑛[𝑝𝑛+1(𝑛−1)−(𝑛+1)𝑝𝑛(−𝑞)]

𝑝2(𝑛+1)  

=
𝑛[𝑝(𝑛−1)+(𝑛+1)𝑞]

𝑝2   

=
𝑛[𝑛(𝑝+𝑞)+𝑞−𝑝]

𝑝2   

=
𝑛[𝑛+𝑞−𝑝]

𝑝2   
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Then  𝑉𝑎𝑟(𝑌) = 𝐺𝑌
′′(1) + 𝐺𝑌

′ (1) − [𝐺𝑌
′ (1)]2 

=
𝑛[𝑛+𝑞−𝑝]

𝑝2 +
𝑛

𝑝
− (

𝑛

𝑝
)2  

=
𝑛[𝑛+𝑞−𝑝+𝑝−𝑛]

𝑝2   

=
𝑛𝑞

𝑝2   

 


