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Normal Distribution (9 pages; 21/2/17)

(1) The Normal distribution has a continuous, bell-shaped curve,
often associated with naturally-occurring phenomena.

Example
Let X be the height (in cm) of an adult male in the UK.
Then, for the sake of argument, we will suppose that

X~N(174,49),sothat E(X) = 174 and Var(X) = 49

e

I"H.I:L.-’ (.

(The approximate %s shown will be justified later on.)

(2) If X~N (u, %), then the probability density function (pdf) of X

1 x_.u—)Z

is ¢(x) =m/1§e_5( g’ ;—00<x <

Its cumulative distribution function is given by:

d(a) = P(X <a) = [°_ p(x)dx



fmng.uk
Notes

(i) There is no exact method for carrying out the integration for
@ (a), which has to determined approximately. (See "Maclaurin
Expansions - Exercises")

(i) S, ¢(0)dx = 1
(iii) f_”oo ¢(x)dx = 0.5, as the Normal distribution is symmetric
about the mean; ie E (X)

(iv) The height of the curve and the thickness of the tails will be
determined by the variance.

(v) It can be shown that 1 standard deviation to either side of the
mean corresponds to the point of inflexion of the curve (ie the
turning point of the gradient). [See "Statistics Exercises"]

(3) Itisn't feasible (or necessary) to have tables for combinations
of u & 2. Instead a transformation can be made to the
'standardised Normal' distribution, Z~N(0,1), as follows:

Example

Suppose that the heights, X (in cm) of adult males in the UK are
distributed N (174, 49).

To find P(X < 178):

P(X <178) = P=—= < 22200 = P(Z < 0.571)

Thus, Z is obtained (from any Normal distribution) by first of all
shifting the distribution, so that it is centred on a mean of 0, and
then applying a scaling factor, so that the standard deviation
becomes 1.

From the Normal tables (see Appendix),
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P(X < 178)) = P(Z < 0.571) = 0.7157 + 0.0003
= 0.7160 = 0.716 (3sf)

Also, P(X < 170) = P==7% < =222 = P(Z < —0.571)

=1-P(Z<0571) =1 - 0.7160 = 0.2840 = 0.284 (3sf)

(4) Example (cont'd)
P(165 < X <185) = P(X < 185) — P(X < 165)

X174 _ 185;174) = P(Z < 1.571)

P(X <185) =P

= 0.9419

X-174 _ 165;174) = P(Z < —1.286)

P(X < 165) = P
=1-P(Z < 1.286)

[by the symmetry of the curve, and the fact that the total area
under the curve is 1]
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=1—0.9008 = 0.0992
Hence P(165 < X < 185) = 0.9419 — 0.0992
= 0.8427 = 0.843 (3sf)

(5) Inverse Normal Table

®(z) = P(Z < z) = p (say)

so that z = @~ 1(p)

eg ®(1) =P(Z < 1) =0.8413 and ®1(0.841) = 0.9986

(unfortunately the table is limited to 3dp for p; hence the
discrepancy between 0.9986 and 1)

See Appendix for the table for @71 (p).

(6) Useful figures

P(Z >1) =0.16 (2sf)
P(Z > 2) =0.023 (2sf)
P(Z > 3) =0.0013 (2sf)
P(Z > 1.645) = 0.05
P(Z > 1.96) = 0.025
P(Z > 2.326) = 0.01
P(Z > 2.576) = 0.005

Note: As P(Z > 1) = 0.16; ie approximately 16% of the area
under the standardised Normal curve lies to the right of 1, which
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is one standard deviation for N(0, 1), it follows that 16% of the
area for any Normal distribution, N (y, d2) lies to the right of one
standard deviation; ie ¢ (as shown in (1)).

[A potential source of confusion here is the fact that 1 is the size
of one standard deviation for N(0, 1). Thus, for example,
P(Z > 1.645) = 0.05 could be written as

P(Z > 0 + (1.645)(1)) = 0.05
and P(X > u + 1.6450) = 0.05, where X~N(u, 02).]

(7) Example

IfP(X <90) = 0.4 and P(X > 120) = 0.2, find x and o, given
that X~N(u,c?)

Solution

90—u
o

P(X <90) = P(—E < 22H

SoP(Z < 22£y = 0.4 ;ie left-hand tail of 40%

o

=P (z <- (906‘“)) = 0.6

90— .
where we expect — [—=) to be positive
p - p

:@ = ®~1(0.6) = 0.2533 (1)

120—pu
o

P(X >120) = P(—* > )

120—pu
o

SoP(Z >

) = 0.2 ;ieright-hand tail of 20%



120—u
o

=>P(Z <

) =0.8

- 12‘;‘“ = »71(0.8) = 0.8416 (2)

and =2 = 02533 (1)

120—pu _ 0.8416

Solving (1) & (2) = 50 — 02533 3.3225
= 120 — pu = 3.3225u — 299.025

S>p= =202 = 96.940 = 96.9 (3sf)
(1) >0 =222 = 27.398 = 27.4 (35f)
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A reasonableness check can be made, by marking in one standard
deviation either side of the mean (at the point of inflexion). Also,
we know that roughly 16% of the area lies to the right of the 1

standard deviation point.



Appendix: Normal tables

The Normal distribution: values of @(z) = p
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The Inverse Normal function: values of @'(p) = 2

The table gives the probability, p, of a P 000 001 002 003 004 005 006 007 008 009
rondown o lobie distyi 50 | 0000 0025 0050 0075 0100 0125 L0150 0175 0201 0226
s et i le uted as N(0, 1) 51 | 0251 0276 0301 0326 0351 0376 0401 0426 0451 0476
ing less than z. N, 1) 52 | os02 0527 0552 0577 0602 0627 0652 0677 0702 0728
53 | 0753 0778 0803 0828 0853 0678 0904 0929 0954 0979
54 | 004 (1030 1055 .1080 .1105 1130 1156 .1181 .1206 .1231
55 | 1257 1282 .1307 .1332 .1358 .1383 .1408 1434 .1450 .1484
H 56 | 1510 1535 .1560 .1586 .1611 .1637 .1662 .1687 .1713 .1738
fadid) 57 | 1764 1789 1815 .1840 .1866 .1891 .I1917 .1%42 .1968 .1993
|00 0 02 03 04 05 06 0 08 0 |12 3 4 56 7 8 9 - B i e e e ol
0:0 | 5000 5S040 SCRO S120 5160 5199 239 S219 §319 $350|4 8 12 16 20 24 28 32 36 60 | 2533 2559 2585 2611 .2637 26568 2689 2715 2741 2767
0.1 | $308 $438 S478 8817 S857 5906 %636 %675 5714 5753 |4 8 12 16 20 24 28 2 3§ 61 | 2793 2819 2845 2871 2898 2924 2950 2976 3002 .3029
02 | 5703 $832 SET1 $910 S048 S8BT G006 €064 6103 6141 |4 8 12 15 19 2 27 31 3§ .g gg{g g% g}% 3;3; g}g 3;:? 3}% ggg ::ggtz .%
03 | 6179 5217 6255 6293 6331 636T GI0S 6443 6480 6S17]4 8 11 15 19 23 26 30 34 : .
04 | 6554 6501 6628 6664 6700 6736 6772 6808 6844 6879|4 7 11 14 18 22 25 2 2 -g; gg 32}, 3638 gx%g;;: %‘l‘; 3723799 3826
0.5 | 6915 6950 6985 7019 7054 7083 TI23 7157 7190 722413 7 10 14 17 21 24 27 31 ‘66 | 2125 2152 4179 4207 A234 4261 A9 A3N6 4344 432
0.6 | 7257 2201 7324 7357 7389 7422 7454 4867517 754003 6 10 13 16 19 23 26 29 67 | 4399 3427 4454 4482 4510 4538 4565 A%93 4621 4649
07 | 7580 7611 7642 7673 7704 7734 764 TIO4 7823 7852|3 6 0 12 15 18 21 24 27 68 | 4677 4705 4733 AT61 A0 4817 AS4S A4ST4 4902 4930
08 | 7881 7910 7939 7967 7098 8023 EOS1 SO78 $106 8133 {3 6 8 11 14 17 19 22 25 69 | 4955 4987 5015 5044 5072 5101 5129 5138 5187 .52i5 |
09 | 8150 8186 8212 §238 8264 8289 £315 £340 8365 8380{3 5 8 10 13 15 18 20 23 70 | 5234 5273 52 5330 5339 5388 3417 5446 5476 .3505 |
1.0 | 8413 BA38 B461 $485 8508 8331 8554 8577 €590 86212 8§ 7 © 12 14 16 18 21 o jggg% it e N Ml R
1.1 | 8643 5665 8636 £708 8720 8749 8770 £790 8610 8830|224 6 8 10 12 14 16 19 :73 5128 6158 6180 6219 6250 6280 6311 6341 6372 'm
1.2 | B840 BB6Y B83% 007 H925 80M4 E062 £980 8007 GOIS|2 4 6 T 911 1315 16 74 | 6433 6468 6495 6516 6557 6388 6620 6651 6682 .6713
13 | 9032 9049 0086 9082 9090 9115 9131 9147 9162 9177(23 S 6 810 11 13 M| 5T 57as 676 6808 G840 GBI 603 G935 66T 999 T03]
14 ] 9192 9207 9222 9236 9251 9265 9279 9292 9306 9319f1 3 4 6 7 B0 U 13 76 | 7063 7095 7128 7160 7192 75 7257 M0 3B .735%
A 77 | 7388 7421 7454 7488 7521 7554 7588 7621 7655 .7688
1.5 ] 9332 0345 9357 9370 9382 0304 06 SIS 940 01|12 4 S 6 7 8 1D W o || T A T T R et SN N R NS
16| 9452 0463 474 9484 9495 0305 0515 9525 0535 0545(12 3 4 5 6 7 8 9 7 | 5054 30w 8134 8ie> 4304 o3 474 an0 gads s
17 | 9554 0364 0573 9582 9301 OSDO OS0R% 9616 0625 U633 (12 3 3 4 S 6 7 8 : :
1.8 | 9641 064D 0656 9664 0671 0678 9686 %693 909 UT6[1 1 2 3 4 4 S5 6 6 -g‘l’ g‘,}g ﬁgﬁg%ﬁ%ﬁﬁ%gﬁ
19| 9713 9719 0726 9732 0738 744 9750 9756 9761 OTET|1 1 2 2 3 4 4 5 8 ‘B | 9156 Bisa 9230 929 9307 9346 9385 o4 93 D502
20| 9772 0778 0753 9788 9793 0798 OB03 9R08 9R12 UBIT[0 1 1 2 2 3 3 4 4 83 | 9532 9581 9621 9661 9701 .9741 9782 9822 .9863 .5904
2.1 | 9821 9825 9830 9834 9838 042 9346 9850 9854 97|01 1 2 2 2 3 3 4 84 | 0191 1 032
22 | 9861 0864 0R6S 9871 9875 OR7% 9881 U884 OR87 URSO(0 1 1 1 2 2 2 3 3 85 | 1.036 1.041 1,045 1049 1054 1058 1,063 1067 1071 1076
2.3 | 9893 0806 0R98 9001 9904 0005 900 9911 9913 YIS/ 0 1 1 1 1 2 2 2 2 ;16 1080 {J.Jgf }%g Hﬁ :% Hgg “gg “g Hg H%
N O N N N M eap 1111123 88 | 1175 1480 1185 1190 195 1200 1206 1211 1216 1221
;:: %g&%%%%g%%m 89 | 1227 1232 1237 1243 1248 1254 1259 1265 1270 1.27
E 90 | 1.282 1.287 1293 1299 1305 1311 1317 1323 1329 1335
27 | 9965 9966 9967 9968 9969 9970 9971 9972 9973 9974 o1 | 1341 137 1353 1360 1366 1372 1379 1385 1392 1398
28 | 9974 9975 9976 9977 9977 9978 9979 9979 9980 99%I 92 | 1405 1412 1419 1426 1433 1440 1447 1454 1461 1468
29 | 9981 9982 9982 9983 9984 99B4 9985 9985 9986 9986 m 93 | 1476 1483 1491 1490 1506 1514 1522 1330 1538 1546
30| 987 397 387 9338 9988 3599 9309 9919 0 30 R R 46 :.sas AL i'm o
3.1 | 9990 9991 9991 9991 9992 9992 9992 9993 9993 ; * % :
96 | 1751 1762 1774 1787 17990 1812 1.828 1838 1852 1866
32| 9993 9993 9954 9994 9904 9954 9904 995 9995 9995 97 | 1381 1.89% 1911 1927 1543 1960 1977 1995 2014 2034
3.3 | 9995 9995 9996 9996 9996 9996 9995 9996 9996 9997 98 | 2084 2075 2007 2120 2144 2470 2197 2257
34 | 9997 9997 9957 9997 9997 9997 9997 9997 9997 9998 99 | 2326 2457 2512 2576 2652 2748 2878 3090

(see below for magnified version of LHS)
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The Inverse Normal function: values of @ '(p) =2
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000

001

H0 003 0o 005 006

007 D08

009

2000
0251
0502
0753
1004

2G2S
0276
0527
0778
1030

0050
2301
0552
0803
1055

0075
0326

0828
1080
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0100
0351
0602
0853
1105

0125
0376
0627
0878
1130

0150
0401
0652
0904
1156

0175 0201
D426 D451
0677 072
0929 0954
1181 1205

0226
D476
0728
0979
1231

J257
1510
1764
Jﬂlg

1282
1535
1789
2045

1307
1560
1815
2070

1332
‘1840
2096

g

J358
1611
1866
2121
7

"Jn
1637
1891
2147

1408
1662
J917

A434 1459
JA687 1713
4942 1968
2198 2224

J484
A738
1993
2250

2299
2819
3081
3345
611

S638

20637
2898
160

2715 2741
2976 3002

2767
029
3292
3558

3880
Al52
A427
A5
A987

Al79

AT33
<015

<2273
2563
<5858
6158
6464

£776
7095
7421
1756
8099

8416
AT79
9154
9542

1,036
1.080
1126
1175
1,227

8452
A816

9230
9621

1.045
1.089
1.136
1'.“
1,237

.m
9731

1,058
1,103
1,150
1.200
1.254

9424 9463
.lmz .lqso'a

1067 1.07]
1112 1.117
1160 1,165
1211 1216
1265 1270

8&2&&'&‘83983232223828 BRIFA(EIREZ222RE22R2R] |Jakukilpiriblil”

1.282
1341
1.405
lbm
1.555

1

1.751
1.881
2054
2326

1

1.762
1.89%6
2075
2366

1.293
1.353
1.419
1.491
1.572

1.774
1911
2097
2400

1.499
1.581
|

1.787
1927

1
1.799
1.943

1311
1372
1.440
1514
1.598
1

1812
1.960

2120 2144 2170

2457

2512

2576

2652

1323 1329
1385 1392
1454 1461
1530 1538
1616 1626

1717 L

1838 1852
1995 2014
2226 2257
2748 2878




