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Matrices: Inverses - Exercises (with Sol’ns) 

(6 pages ; 3/6/26) 

 

(1) Prove  that (
𝑎 𝑐
𝑏 𝑑

)
−1

=
1

𝑎𝑑−𝑏𝑐
(

𝑑 −𝑐
−𝑏 𝑎

) 
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Prove  that (
𝑎 𝑐
𝑏 𝑑

)
−1

=
1

𝑎𝑑−𝑏𝑐
(

𝑑 −𝑐
−𝑏 𝑎

) 

Solution 

Suppose that  (
𝑒 𝑔
𝑓 ℎ) (

𝑎 𝑐
𝑏 𝑑

) = (
1 0
0 1

) 

Then  𝑎𝑓 + 𝑏ℎ = 0  &  𝑐𝑒 + 𝑑𝑔 = 0 

So ℎ = −
𝑎𝑓

𝑏
 &  𝑔 = −

𝑐𝑒

𝑑
   (*) 

Also  𝑎𝑒 + 𝑏𝑔 = 1  &  𝑐𝑓 + 𝑑ℎ = 1, 

so that   𝑎𝑒 −
𝑏𝑐𝑒

𝑑
= 1 ⇒ 𝑒(𝑎𝑑 − 𝑏𝑐) = 𝑑 

and  𝑐𝑓 −
𝑑𝑎𝑓

𝑏
= 1 ⇒ 𝑓(𝑏𝑐 − 𝑎𝑑) = 𝑏 

Let  Δ = 𝑎𝑑 − 𝑏𝑐 

Then  𝑒 =
𝑑

Δ
  & 𝑓 = −

𝑏

Δ
 

And, from (*), 𝑔 = −
𝑐

Δ
  &  ℎ =

𝑎

Δ
 

Thus  (
𝑒 𝑔
𝑓 ℎ) =

1

Δ
(

𝑑 −𝑐
−𝑏 𝑎

) 
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(2) Show that if  N is the left inverse of M, so that 𝑁𝑀 = 𝐼, then it 

is also the right inverse. 
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Show that if  N is the left inverse of M, so that 𝑁𝑀 = 𝐼, then it is 

also the right inverse. 

Solution 

Define 𝑁𝐿 to be the left inverse of N, so that 𝑁𝐿𝑁 = 𝐼 

𝑁𝑀 = 𝐼  

⇒ 𝑁𝐿(𝑁𝑀) = 𝑁𝐿𝐼 = 𝑁𝐿  

⇒ (𝑁𝐿𝑁)𝑀 = 𝑁𝐿  

⇒ 𝐼𝑀 = 𝑁𝐿    

⇒ 𝑀 = 𝑁𝐿    

⇒ 𝑀𝑁 = 𝑁𝐿𝑁 = 𝐼  

ie N is the right inverse of M 

 

 

  



 fmng.uk 

5 
 

(3) Assuming that (𝐴𝐵)𝑇 = 𝐵𝑇𝐴𝑇 ,  prove that (𝐴𝑇)−1 = (𝐴−1)𝑇 
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Assuming that (𝐴𝐵)𝑇 = 𝐵𝑇𝐴𝑇 ,  prove that (𝐴𝑇)−1 = (𝐴−1)𝑇 

Solution 

Let  𝐵 = (𝐴𝑇)−1, so that 𝐵𝐴𝑇 = 𝐼  (1) 

Result to prove:  𝐵 = (𝐴−1)𝑇 

[Noting that this is equivalent to 𝐵𝑇 = 𝐴−1, it seems promising to 

involve  𝐵𝑇] 

From (1), (𝐵𝐴𝑇)𝑇 = 𝐼𝑇 = 𝐼, so that  𝐴𝐵𝑇 = 𝐼, 

and hence 𝐵𝑇 = 𝐴−1 and 𝐵 = (𝐴−1)𝑇 , as required. 

 

 

 


