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Maclaurin Series - Exercises (with Sol'ns)

(12 pages; 6/2/26)

(1) Find a Maclaurin expansion (with 3 non-zero terms) for sinx
by two methods.
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(1) Find a Maclaurin expansion (with 3 non-zero terms) for sinx

by two methods.

Solution
Method 1

3 5 3 5
sin2x=(x—%+%—---)(x_%+%_...)
2y Y 42 () 4
= x +(3!)2+2(x)( 3!)+2x(5!)+

4
=x2_x_+(i+i)x6+...
3 36 60

[though in fact the next term is negative]

4 4

X 8 X 2

=x> -4+ —x+=xF——+—x+
3 180 3 45

Method 2
sinx = %(1 — c0s2x)

—1_Lq_ @0® | @of  @0°

2 2 2! 4! 6!

_|_)

4
X 2

xz ——+—x6—---
3 45
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(2) Find the 1st 3 non-zero terms of the Maclaurin expansions of

the following functions, and the intervals of validity of the infinite
series:

(i) In (3 — 2x)

052

(iif) ecos*
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(2) Find the 1st 3 non-zero terms of the Maclaurin expansions of

the following functions, and the intervals of validity of the infinite
series:

(i) In (3 — 2x)

052

(iif) ecos*

Solution

HE-20)=m3(1-2)=m3+In(1-2)

2x

=3+ (-2 -

N W

e .. . 2 . 3
The infinite series is valid for —1 < —?x <1;ie — p <x<

[Note: Were we to go down the route of

In(3 — 2x) =In (1 + [2 — 2x]), there would be an infinite
number of terms involving a constant, arising from the powers of
2 — 2x]

. Vi+3 1
(ii) ln( 1_2xx) = Eln(l + 3x) —In (1 — 2x)
_1 _ (3x)?  (3x)3 . (3x)*
2 (3x 2 t 3 4 +-)

(=2x)? n (=2x)3  (2x)*
2 3 4

~([~2x] - +o)

=242 (=24 2)+ 3 (2+3) + -
2 4 2 3

7x  x%  43x3
= ———+
2 4 6

+ .-

valid for x suchthat -1 <3x <1 and -1 < —-2x<1
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. 1 1 1 1
je—=-<x<-=-and->x>—-
3 3 2 2

2 4 2 4
=e(l+ |-+ 4|+ (-S+5+) +)
2! 4! 2 2! 4!
a1 XL 1)
=e{l- T +x* (5 +2)+)
Xt ext
2 6

valid for all x (as both cosx & e* are valid for all values).

2 4

X X
S TR

[Note that the expansion e’z

2 4 2 4 2
— 1+[1_x_+x_+...]+1(1—x—+x—+---) + .-+ would have
20 4l 2 21 4l

involved an infinite number of constant terms (though their sum
would been e).]
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(3) Use the 1st 5 terms of a Maclaurin expansion to find an

approximate value for P(Z < 1), where Z~N(0,1) and Z has pdf

f@) = gzexp (—52%)
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(3) Use the 1st 5 terms of a Maclaurin expansion to find an
approximate value for P(Z < 1), where Z~N(0,1) and Z has pdf

1 _1.2
f(Z)_meXp( ZZ)
Solution

P(Z<1)—05+f exp(—%zz)dz

_L2)? (_L2)® (_L2)*
~ 0.5+ =) 1+(—%z2)+(22) ) B i NP

2! 3! 4!
z5 z”7 z2 11
_05+\/__[Z__+__E 3456]0
1 1
_05+_(1__+__§+ﬁ)

1
= 0.5 +—==(0.8556465) = 0.84135

[Normal tables give 0.8413]
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) to find an

1+x

(4) Use 3 terms of a Maclaurin expansion of In (

approximate value for In (2)
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) to find an

1+x

(4) Use 3 terms of a Maclaurin expansion of In (

approximate value for In (2)
Solution

In (T—x) =In(1+x)—1In(1—x)

3

x%  x x*  x°
=fx-T+T -2 42—}
2 3 4 5

N i s

—{[—x] BE 4 +[_:]5_m}

x3 x5
= 2{x+?+?+---}
(valid, providedthat -1 <x <1 and -1< —x < 1;

ie —1<x<landl>x=>-1

e —1<x<1)
1+x 2
Suppose that T3

Then 3+ 3x =2 — 2x, sothat 5x = -1 and x = —%

(and this is within the limits of validity).

So In(2) ~ 2 {[— | + [_EF + [_E]S] = —0.40546 = —0.405 (3sf)

[The true value of In (g) is —0.40547 (5sf). Note that x = —% is
closer to the value of 0 (about which the Maclaurin expansion is
centred) than x = g [giving In (1 — %)], so that greater accuracy is

to be expected.]
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(5) Find the first 3 non-zero terms, as well as the general term in

the Maclaurin expansion of cosh3x.
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(5) Find the first 3 non-zero terms, as well as the general term in

the Maclaurin expansion of cosh3x.

Solution

Let f(x) = cosh3x [f(0) = 1]

Then f'(x) = 3cosh?xsinhx [f'(0) = 0]

and f'"(x) = 6coshxsinh?x + 3cosh3x [f"(0) = 3]
= 6¢coshx(cosh?x — 1) + 3cosh3x = 9cosh3x — 6coshx
= 9f(x) — 6coshx

Then f''(x) =9f'(x) — 6sinhx [f""'(0) = 0]

and f®(x) = 9f"(x) — 6coshx

= 81f(x) — 6coshx(1+9) [f¥(0)=81-60=21]
Clearly f?"*1(0) = 0 and hence a,,.; =0

F®(x) =81f"(x) — 6coshx(1 +9)

=81(9)f(x) — 6coshx(1+ 9 + 81)

Thus f@7 (x) = 32" f(x) — 6coshx(1 + 9 + -+ 9™ 1)

fE©) 1 oy, (97-1)
(27)! _(Zr)!{ 6(9—1)}

(Zr)' {327” 3 @}

32743
T 4(2r)!

and so a,, =

(327+3)x2"

Socosh3x—1+—+ + -4
4(2r)!

+ ..

(327+3)x2"

_1+—+ R e
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Note: In other cases, such as cosh?x, if only required to find the
first few terms of the expansion, it may well be easier to expand

(L+5+ D) a5 +5)
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