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(i) First of all, without any restriction on 𝑥: 

When 𝑥 = 0, 𝑦 = 1 and when 𝑦 = 0, 𝑥 = −𝑎. 

There is a vertical asymptote at 𝑥 = 𝑎, and the behaviour of the 

graph of 𝑦 =
𝑎+𝑥

𝑎−𝑥
  as 𝑥  approaches 𝑎  can be investigated by 

setting 𝑥 = 𝑎 − 𝛿, where 𝛿 is a small positive number. This shows 

that 𝑦 → ∞  as 𝑥 → 𝑎− [ie 𝑥 tends to 𝑎 from below]. And 𝑥 = 𝑎 + 𝛿 

shows that 𝑦 → −∞  as 𝑥 → 𝑎+. 

As 𝑥 → ±∞, y → −1  

 

 

 

 

 

 

 

 

 

Then, with −𝑎 < 𝑥 < 𝑎: 
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(ii) We can draw in radii as shown below, and discover that the 

area between the two (identical) triangles is a quarter of the 

circle.  

 

 

 

 

 

 

So the area of 𝐴 is  2 (
1

2
) 𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜃 +

1

4
𝜋(1)2 

= 𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜃 +
𝜋

4
  [or 

1

2
𝑠𝑖𝑛2𝜃 +

𝜋

4
] 

 

(iii) (𝑠𝑖𝑛𝜃 − 𝑐𝑜𝑠𝜃)2 ≥ 0 ⇒ 𝑠𝑖𝑛2𝜃 + 𝑐𝑜𝑠2𝜃 − 2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 ≥ 0  

⇒ 1 ≥ 2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 ⇒ 𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 ≤
1

2
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(iv) 
𝑎𝑟𝑒𝑎 𝑜𝑓 𝐴

𝑎𝑟𝑒𝑎 𝑜𝑓 𝐵
=

𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜃+
𝜋

4
1

2
𝜋(1)2−(𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜃+

𝜋

4
)

=
𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜃+

𝜋

4
𝜋

4
−𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜃

  

And 𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 ≤
1

2
⇒

𝜋

4
− 𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜃 ≥

𝜋

4
−

1

2
  

⇒
𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜃+

𝜋

4
𝜋

4
−𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜃

≤
1

2
+

𝜋

4
𝜋

4
−

1

2

=
2+𝜋

𝜋−2
    or  

𝜋+2

𝜋−2
 

And when 𝜃 =
𝜋

4
 , 𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 =

1

√2
 .

1

√2
=

1

2
 , 

So that when 𝜃 =
𝜋

4
, 

𝑎𝑟𝑒𝑎 𝑜𝑓 𝐴

𝑎𝑟𝑒𝑎 𝑜𝑓 𝐵
=

1

2
+

𝜋

4
𝜋

4
−

1

2

=
2+𝜋

𝜋−2
 

ie the ratio 
𝑎𝑟𝑒𝑎 𝑜𝑓 𝐴

𝑎𝑟𝑒𝑎 𝑜𝑓 𝐵
 has 

2+𝜋

𝜋−2
 as its largest value. 

 

 

 

 

 


