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Integration Exercises - Part 3 (Sol'ns)
(Hyperbolic Functions) (14 pages; 7/7/26)

(The constant of integration has been omitted throughout.)
(1) [ cosech?x dx

Solution

. d . . d
Given that = tanhx = sech®x, we could investigate = cothx =

d coshx _ sinhx.sinhx—coshx.coshx -1

— = = , = — = —cosech®x
dx sinhx sinh?x sinh2x

so that [ cosech?x dx = —cothx + ¢

(2) [ tanhx dx (from 1st principles)

Solution

sinhx

[tanhx dx = |

coshx

As f sinhx dx = coshx, letu = coshx

sinhx

Then du = sinhx dx, and [ dx = f%du =1In |u| +c

coshx
= In(coshx) + ¢

[No moduli signs are needed, as coshx > 0 for all x]

(3) [ sechxtanhx dx

Solution

sinhx

[ sechxtanhx dx = |

cosh?x

As [ sinhx dx = coshx, letu = coshx

sinhx
cosh?x

Then du = sinhx dx, and [ dx=fu—12du=—%+c
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= —sechx + ¢

(4) [ tanh®x dx
Solution
[ tanh?x dx = [ 1 — sech?x dx

= x — tanhx + ¢ (from differentiation table)

(5) [ sech?x tanh®x dx
Solution
As [ sech?x dx = tanhx, letu = tanhx,

so that du = sech?x dx,

and [ sech?x tanh?*x dx = [u®du = §u3 +c = gtanh3x +c

(6) [ sech3x tanhx dx

Solution

As we have a power of sechx, consider % sechx = —sechxtanhzx,
from (i).

Then let u = sechx, so that du = —sechxtanhx dx

and [ sech®x tanhx dx = — [u?du =

1 1
= —§u3 +c= —gsech3x+c



(7) [ cosh?x dx
Solution
cosh?x — sinh?x =1 & cosh?x + sinh?x = cosh2x,

so that cosh?x = %(1 + cosh2x),

and [ cosh?x dx == [ 1 + cosh2x dx = % + = sinh2x + ¢
2 2 ' 4

(8) [ cosh3x dx

Solution

[ cosh3x dx = [ coshx(1 — sinh?x) dx
Let u = sinhx, so that du = coshx dx,

and [ coshx(1 — sinh?*x)dx = [1—u*du

1 . 1.
= u—§u3 + ¢ = sinhx —gsmh3x+c

(9) [ sechx dx

Solution
Method 1
coshx coshx
fseChx dx = fcoshz f1+smh2
Let u = sinhx, so that du = coshx dx
Then f coshx
= arctan(sinhx) +c
Method 2
fsechxdx=f(x _x)dx—Zf o dx

Let u = e*, sothat du = e*dx
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and 2 [ ——dx =2 [—

e?¥+1 2+1

= 2 arctan(e”®) + ¢’

To show that arctan(sinhx) + ¢ = 2 arctan(e®) + ¢’
Let 6 = arctan (sinhx) and ¢ = 2arctan (e*)

We need to show that 8 & ¢ differ by a constant.

tanf = sinhx & tan (%) = e*

Let t = tan (%)

. 1 - 1 1 2-1
Then sinhx ==(e* —e™) =—(t——) -
2 2 t 2t

[We can now use the standard right-angled triangle with sides

1-1t2,2t & 1+ t2: tang = ——
Pythagoras.]

So sinhx = —tan (g — %) = tan (% — %)

Thus tan (% — g) = tan®, and so % — % & ¢ differ by a multiple of

m; ie 8 & ¢ differ by a constant, as required.

1
(10) [ mdx
Solution

1 1 1
fmdx=5 [ ()2 dx

= l arcosh <(§)> =% arcosh (Z?X) +C



(11) (@) f cosh™*x dx (b)[ sinh™tx dx (c¢)f tanh™'x dx

Solution

(a) By Parts, [ cosh™'x dx = xcosh™'x — [ x dx

1
1
dx

= xcosh™~ x——f\/xz_

1, Vx2
()

= xcosh™1x —Vx2 -1

Alternative method

Let u = cosh™1x, so that coshu = x and sinhu.du = dx
Then [ cosh™'x dx = [u sinhu du

= ucoshu — [ coshu du

= ucoshu — sinhu

= cosh™1x.x —Vcosh?u — 1

=cosh™ x.x —Vx? -1

[Note: Asu = cosh™tx > 0, sinhu > 0 and so

sinhu = +Vcosh?u — 1]

(b) By Parts, [ sinh™1x dx = xsinh™ x—fxm dx
= xsinh~ x——f\/xz_d
1, VaZ+1

= xsinh™1x — (=
) 5

= xsinh ™ 1x —Vx2 +1
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(c) By Parts, [ tanh™'x dx = xtanh™'x — [ x dx

_xz

= xtanh™1x + = f

= xtanh™lx + Eln (1—x?)

12) J

(x2-9)2
Solution

Let x = 3coshu, so that dx = 3sinhu du

3sinhu 1
Thenl = [ ——— du == [ cosech’*u du
27sinh3u 9

d . . d
As ™ tanhu = sech®u, we can investigate ™ cothu:

d coshu sinhusinhu — coshucoshu 1
du sinhu sinh?u sinh?u
1 1 h 1 = 1
cosnu Y
Thus [ = —=cothu = " —~——= —-—3—= — =
9 9 Vcosh?u—1 9 [x2 9

Alternative method

Let x = 3secu, so that dx = 3secutanu

3secutanu _ f 1/cosu f cosu

27tan3u (smu) sin2u
cosu

Then I = |

1 1 1 1 1

- 9 sinu (_1) - _5\/1—c052u -

1 X

1
9 /1-(3/x)2  9vx2—9

(13) [V4 + x2 dx

Solution

Let x = 2sinhu, so that dx = 2coshu du
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and I = 2 [ V1 + sinh?u (2coshu)du = 4 [ cosh?u du

=21+ cosh(Ru) du = 2 (u + %sinh(Zu))

= 2sinh™1 (g) + 2sinhucoshu

= 2sinh™! (g) + x /(E)Z +1

= 2sinh™! (g) + x (E)Z +1
= 2sinh™1 (g) + %x\/m

[Note: The alternative substitution x = 2tanu, leads to a much
more complicated expression.]

(14) [ \/g dx

Solution

Let x = sinh?u, so that dx = 2sinhucoshu du

sinhu
coshu

= 2 [ sinh?u du = [ (cosh(2u) — 1) du

and I = |

( 2sinhucoshu) du

=1 sinh(2u) —u

T2

= sinhu coshu — u

=./x(1 + x) — sinh~*(v/x)

(15) [V4x? — 1 dx

Solution

Let 2x = coshu, so that 2 dx = sinhu du
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and I = %fsinhu .sinhu du = if cosh(2u) — 1 du

= %sinh(Zu) — iu = %Sinhucoshu — %cosh_l(Zx)

= %x 4x%2 —1— icosh‘l(Zx)

(16) [ x*V1 + x2 dx

Solution

Let x = sinhu, so that dx = coshu du
and I = [ sinh®u coshu coshu du

= [ sinh?u(sinh®u + 1)du

[A reduction formula could be found for [ sinh*u du at this point,
as an alternative to the following.]

= f% [cosh(2u) — 1] {% [cosh(2u) — 1] + 1} du

= if[cosh(Zu) — 1][cosh(2u) + 1]du

= if cosh?(2u) — 1du
1,01

= ZIE [(cosh(4u) + 1] — 1 du
1 u

= 3—251nh(4u) —3

1 . u
= Esmh(Zu) cosh(2u) — 3

1. . u
= Esmhucoshu(coshzu + sinh?u) — S

= %x\/xz + 1(1 + 2x?) — %sinh‘lx



fmng.uk
1

(17) fm

Solution

dx

1

x(x+1)=x2+x=(x+%)2—z

Solution

. 1
Noting that [ x?dx = §x3, and that x® = (x3)?,letu = x3, so

that du = 3x? dx

_1 1 _1 ~1(,3
andl—sfmdu—gcosh (x3)

4 4x+1

(19) fO ﬁdx

Solution

4 2x
1=2) e

dx + [arsinh (g)] g

—14
=2 [ﬁ] + arsinh(g)
(E) 0

=4(5-3)+InC+ (§)2+1)

=8+1In(;(4+5))

=8+ [n3



(20) [ V16x2 + 9 dx

Solution

Let 4x = 3sinhu , so that 4dx = 3coshu du

I1=3 fol coshu .Zcoshu du

= zfolé(l + cosh2u)du

[since cosh?u — sinh?u = 1 & cosh?u + sinh?u = cosh2u]

=2 [u + 1SinhZu]
8 2

@D [ [~ dx

Solution
Let x = sinh?y [sothatx + 1 = cosh?y]
Then dx = 2sinhycoshy dy

cos

andI = [ n:;’ . 2sinhycoshy dy

= 2 [ cosh?®y dy

= [ 1+ cosh2y dy

=y+ %Sinth

= arsinh(\/f) + sinhycoshy

= arsinh(Vx) + /x(x + 1)

10
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22) | - dx

(2x%2+3)2

Solution
Method 1

Let 2x% = 3sinh?y, so that 4x dx = 6sinhycoshy dy

1 6sinhycoshy d
Then I = [ = . y4xyy

32(sinh?2y+1)2

3 sinhycoshy
== d
J ER S ay
32cosh?ysinhy >

As 2x? = 3sinh?y, cosh®y = %xz +1,

1 3
so that sech?y = 5 =
§x2+1 2x2%2+3

and —tanh?y = sech?y — 1 [applying Osborn's rule]

1 1 3
so that ﬁtanhy =37 1-553

1 2x2 X
T 3vV2N 2x2+43  3V2x2+3

Method 2
Let 2x? = 3tan?6, so that 4x dx = 6tanfsec?6 do
2
Then sz , 1 36tanBsec 0 do
32(tan<60+1)2

11
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f tanfsec?6
3
32sec36 tane\[_

= 3‘12_5fc059 de

1 .
= ——sin6
3v2

As 2x? = 3tan?6, sec?’0 = gxz +1,

1 _ 3
—x2+1 2x2+3

1. _Lf 3
andﬁi.ﬂnQ—wE 1--53

1 2x2 b

T 3v2N 2x2+43  3V2x2+3

so that cos?0 =

(23) [ cosech(3x)coth(3x) dx

Solution

d
Note that — (cosecx) = —cosecx cotx
So suppose that the solution is of the form Acosech(3x).

Then % (Acosech(Sx)) =A % ((sinh(Sx))_l)

= A(—1) (sinh(Bx))_2 (3cosh(3x))
= —3Acoth(3x)cosech(3x)

: 1
So we require A = — 3

and [ = —%cosech(Sx)

12
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(24) Show that flﬁwf__ldr = ;(\/i +1In(v2 + 1))

Solution

Letr = coshx,
[suggested by the relation arcoshx = In (x + Vx? — 1), so that
arcoshv2 = In(v2 + 1)]

so that dr = sinhx dx,

.Sinhx dx

V2 or? arcosh\2 cosh?x
and [ dr = |
1 Vr2-1

0 sinhx

arcoshv2 1

=J, > (1 + cosh2x) dx

= %[x + %sinth]arco(‘;h‘/E

= %(arcosh\/f + sinh(arcosh\/i) V2)

Result to prove :

arcoshv2 + sinh(arcosh\/i) V2=vV2+In(V2+1) (¥
Writing y = arcoshv?2, %(ey +e™Y) =12,

sothat e?Y +1=2V2eY;e?Y —24/2e¥Y +1 =0,

and e¥ = Nii\/z =2 +1,

giving y = In (V2 + 1)

or In(v2-1) =In ((\E—\gi\fﬂ)) =In (%) =-In(¥V2+1)

But arcoshy > 0, and so arcoshv2 = In (2 + 1),

and (*) simplifies to sinh(arcoshx/f) =1,
Now sinh? (arcosh\/f) = cosh? (arcosh\/f) -1
= 2 — 1, so that sinh(arcosh\/f) = +1,

13
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but arcoshv2 > 0, and so sinh(arcosh\/i) =1
Thus (*) has been established.
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