fmng.uk
Integration Exercises - Part 2 (Sol'ns)(27 pages; 4/7/26)

(Note: The constant of integration has been omitted throughout.)

1) [ dx

Solution

Step 1: rearrange

e—x

I =[——7dx

Step 2: substitute u = e™™ 4+ 1, so that du = —e *dx

I = f—%du = —Inu =-In(e ™™ + 1)

1
(2) [e** (1 +e*)z dx
Solution
'"Tidying-up' substitution:
Letu =1+ e*, so that du = e*dx
2. > 1
I = f(u— 1) uZ.Edu

3 1
= [uz —uz du

2 5 2 3
= -U2 —=-Uz2
5 3

=2 (1+e%):(3(1 + e*) - 5)

3
= % (1+e*)z(3e* —2)

1

3) [ o dx
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Solution

Note: \/% integrates to a multiple of vx (or 1++/x)

1
Letu =1+ x, sothatdu=%x_5 dx
I=2f1du
u

=2Ilnu = 2In(1 + vx)

(4) [ secx dx
Solution
Method 1

Note: This is an odd power of cosx

= [ gx

cos?x

f cosx
1-sin2x

Let u = sinx, so that du = cosx dx

f co.sx — f

1-sin?x

_uZ
2 o T du

1-u

=>{—In|1—u|+In|1+ul}

1 1+sinx
=—-(n -

2 1-sinx

1 (1+sinx)?

(1-sinx)(1+sinx)

(1+sinx)?
2 1-sin?x
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1+sinx

Cosx

= In |secx + tanx|

Method 2

2
Lett = tan (f), so that tanx = tan (f + £) . >
2 2 2 1—t

Then it can be shown that 2t,1 — t? & 1 + t? form the sides of a

2
right-angled triangle, so that secx = 1”2

Also, dt = sec? (g) G) dx = %(1 + t?)dx

Thenl = fijz (1+t2) f_ T 1_-|-t dt
-2 = 22

=1In |1jz + 122 = In [secx + tanx]|

(5) J 5 dx

Solution

: 1,
Noting that ~ integrates to Inx,

1
letu = Ilnx, so thatdu = - dx

2 1.3=1 3
I=fu du—3 =-(In x)
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Solution

Let u = 4 — x3, so that du = —3x?dx
[A slightly speculative 'tidying-up' substitution.]

[ = _lfx:”du

-t
= —éf%— 1du

= —~(4In [u| —w)

= —~(4In|4 - x*| +x3 — 4)

or — é (41n|4 — x3| + x3), as the 4 can be included in the

constant of integration

Alternative method

x5 —4x? 4x
f4x3 _f4x3 x3dx

For the 2nd integral (]), let u = x3, so that du = 3x2dx

and]=§fﬁ du=—§ln |4 — x3|,

so that] = —§x3 —%ln |4 — x3|

(7) [ V1 + sin2x dx
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Solution

1+ sin2x =1 + cos (g— Zx) =1+ cos2 (%—x) = ZCOSZ(%—X)

so that V1 + sin2x = V2 cos G — x) and I can be found easily.

(8) [ arctanx dx
Solution

Applying Parts; integrating 1:

I = x arctanx — | dx = x arctanx — %ln (x2+1)

x2+1

9) [—— dx

xlnx

Solution

0

- dx , and as fi dx = Inx, let u = lnx, so that du = % dx

Then I = f% du = In(Inx)

If we try Parts, we get:

1

I =Inx (—) — [ Inx(—1) (Inx) ™2 (i) dx

Inx

=1+ [—dx=1+1

xlnx

This isn't a contradiction, because we haven't allowed for the
arbitrary constant. However the method doesn't give us an
answer.
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ex
(10) J 7 dx
Solution

As [ e* dx = e*, and the rest of the integrand is a function of e*
that we can integrate, let u = e”*, so that du = e* dx

Thenl = | du = arctan (e*)

u2+1

sec?x

(11) f 4+tan?x

Solution

As [ sec?x dx = tanx, letu = tanx, so that du = sec®x dx,

1 t
and ] = [ — du = —arctan( anx)
44+u 2
(12)f1 —sinx
Solution
1+sinx 1+sinx
I'= fl—sinzx _f cos?x

= [sec’xdx +] = tanx + ]
For J:let u = cosx, so that du = —sinx dx
and | = — [u ?du=u""! =secx

Sol = tanx + secx
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3
5 1
(13) f_§4x2+9 dx

Solution
Method 1
, 3
1.5 1 11 x \| 2
[ == [%——— dx = =|=arctan | =
: f—2x2+(g)2 ¢ [(%) (())] =
1 1, m T
= —(arctan(1) —arctan(-1)) = = (; - (_ Z))
-
12
Method 2

Letu = 2x, so that du = 2dx and I = f_33 u21+9 G) du

= %[G) arctan (g)] _33 = %(arctan (1) — arctan(-1))
=G (=3

X

(14) [ = dx

Solution

1

1
As [x dx ==x?% and —
2 1+u

can be integrated,

let u = x?, so that du = 2x dx,

1
1+u?

_1 _1 2
and I = zf du = 2arctan(x )



sin2x

15) J

Solution

1+cosx

As a (speculative) simplifying substitution, let u = 1 + cosx,

so that du = —sinx dx

Then/ =2 [0 (—2) = —2 =2 gy

= —2(u — lnu) = 2(In(1 + cosx) — cosx — 1)

or 2(In(1 + cosx) — cosx),

including the —2 in the constant of integration

(16)* [ V16x% + 9 dx
Solution

Let 4x = 3tan#, so that 4dx = 3sec?6 do

=1 = farCtan( ) \9tan26 + 9 ( )Secze do

4
= 2 [aretan & sec36 do

=/
To find ] = [ sec®6 do:
Method 1 (Parts - speculative)
] = [ sec?*8secH db

Integrating sec?6 and differentiating secd = (cos8)™1:

J = tanfsecO — [ tand(—1)(cosd) %(—sinb)do

= tanfsect — [ tan*fsecH db

= tanfsecl — [(sec?0 — 1)sec do

8
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= tanfsecO — ] + [ secO do
= 2] = tanBOsecO + In |sech + tanf|

[from the formulae booklet]

]arctan (%)

So I = g[tanBSeCB + In |secO + tanf |
0

6 = arctan (g) = tanf = g = secl = g (from a 3,4,5 triangle)

Then! =2{(3)(3) +m [+ - 0— 1)}

=22+ m3} =3+ 2m3

Method 2
J=1

Let u = sin@, so that du = cos6 d6

do

f cosf

60539 (1-sin20)2

1
and ] = f(1—u2)2 du

1 1 A B C D

(1-u2)2 ~ (1-w)2(1+u)2 1-u T (1—u)?2 T 14+u T (1+u)?2

sothat 1= A1 — w1+ w2 +B(1+w)?+C(1+uw)(1—u)?
+D(1 —u)?

TMnu=1z1=4BzB=i
andu=—1=>1=4D=>D=i

u=0=>1=A+B+C+D

Equating coeffs of u3:0 = —A + C

Hence1=A+i+A+i andsoA=C=i
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1 1 1

(1 u)? + + (1+u)?

Therefore | = - f

= (-lj1-ul+ (1 -w +I]l+ul -1+

- o]«

=3 |5+ 5

=[]+ e

= i(ln (1_§i1nzs)ig?:in 9)| + 2tanfsecO)
— i(ln % + 2tanfsech)

= %(ln 1+Sma| + tanfsecH)

= %(lnlsec@ + tanB| + tanfsecH)

(then as before)

(17) [ sec3x dx
Solution

See (16)

(18) [ sec*x dx
Solution
I = [ sec?x(1 + tan®x) dx = tanx + [ sec’*xtan®x dx

Then let u = tanx, so that du = sec?x dx,

10
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1
and ] = tanx + [u® du = tanx + tan’x

(19) [ cos®x dx

Solution

I = [ cosx(1—sin®x)? dx

= [cosx dx — 2 [ cosx sin’x dx + [ cosx sin*x dx
Let u = sinx, so that du = cosx dx

Thenl = sinx — 2 [u? du + [u* du

Sy

= sinx — 2 sindx + = sin
3 5
(20) [ cosx In(cosx) dx

Solution

By Parts, integrating cosx & differentiating In(cosx):
. . 1 .

I = sinxIn(cosx) — [ sinx (E) (—sinx)dx

= sinxIn(cosx) + [(1 — cos?x)secx dx

= sinxIn(cosx) + ],

where | = [ secx dx — [ cosx dx

= In|secx + tanx| — sinx

So I = sinxln(cosx) + In|secx + tanx| — sinx

11



(21) [ tanx sinx dx

Solution

_ rsin®x . _ 2
I={ —— dx = [(1 — cos?x)secx dx

= [secx dx — [ cosx dx = In|secx + tanx| — sinx

(22) [ sin3xcosx dx

Solution

Method 1

sindx = sin(3x + x) = sin3xcosx + cos3xsinx

& sin2x = sin(3x — x) = sin3xcosx — cos3xsinx,

so that sin3xcosx = %(sin4x + sin2x)
1, . : 1, 1 1
and I = Ef sindx + sin2x dx = > (— " cos4x — E c0s2x)

= — % (cos4x + 2cos2x)

Method 2

sin3x = sin(2x + x) = sin2xcosx + cos2xsinx

= 2sinxcos?x + (cos?x — sin®x)sinx

= 3sinxcos?x — sin3x

so that I = [ 3sinxcos3x dx — [ sin3xcosx dx

Let u = cosx for the 1st integral, so that du = —sinx dx,
and let v = sinx for the 2nd integral, so that dv = cosx dx

Thenl = =3 [u3du — [v3dv

12
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3 1.
= —Zcos*x — =sin*x
4 4

= — i (3cos*x + sin*x)

[As a check, we can substitute values of x such as 0 & %, to
compare the answers by the two methods. There is in fact a

: 3. .
difference of 5 in each case, but this is due to the constant of

integration.]
Method 3

By Parts, integrating cosx and differentiating sin3x (for
example):

I = sinxsin3x — [ sinx(3cos3x)dx
Then integrating sinx and differentiating cos3x,
I = sinxsin3x — 3{—cosxcos3x — [(—cosx)(—3sin3x)dx }

= sinxsin3x + 3cosxcos3x + 91
and hence I = — % (sinxsin3x + 3cosxcos3x)

[Substituting values of x shows agreement with Method 1.]

13
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(23) [ cosecx dx

Solution
Method 1

sinx sinx
I_fsmx _fsm2 _flcosx
Let u = cosx, so that du = —sinx dx
ThenI——f —uz =——fn m u

—%(lnll + u| — In|1 —ul)

_ 1 | 14+cosx |
— 2 1—cosx
Method 2

2t
Lett = tan (5), so that tanx = tan (E + f) = ——
2 2 2 1-t
Then it can be shown that 2t,1 — t* & 1 + t* form the sides of a
1+t2
2t

right-angled triangle, so that cosecx =

Also, dt = sec? (g) (1) dx = %(1 + t2)dx

2

sothat] = i(th) dt —f dt = In| tan( )l

2t

[To reconcile these two answers:

1-cosx

rtp (result to prove): In | = 2In|tan (g) |

1-cosx 2 (X
(= = tan” |-
1+cosx 2

1+cosx

1_(—2> (1+t2)-(1-t?)

_ +t2) _ 42

LHS = 1+( — 2) = i, t“ = RHS ]
1+t2

[N Y

14
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(24) [ tan3x dx

Solution

I = [(sec’x — 1)tanx dx = [ sec®xtanx dx — [ tanx dx
For the 1stintegral, [ sec’x dx = tanx, so letu = tanx

Then du = sec®x dx and I = [ u du — In|secx]

1
= Etanzx — In|secx|

(25) [ tan*x dx

Solution

I = [(sec?x — 1) tan®x dx

For the 1stintegral, [ sec’x dx = tanx, so letu = tanx

Then du = sec?x dx and I = [u? du — [ sec?x — 1 dx

1
= Etan3x — tanx + x

cos3x

(26) [ dx

Solution

sin2x

cosx(1-sin?x
] = [0 ) dx
sin?x

Let u = sinx, so that du = cosx dx,

1—

2
u — — .
—du=Ju”—1ldu=—-u""—u=—cosecx — sinx

and I = [

15
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cosx+sinx

(27) [EoSEESRE

Solution

coSx—sinx

As [ cosx + sinx dx = sinx — cosx,

let u = sinx — cosx, so that du = cosx + sinx dx,

and [ = — f% du = —In|sinx — cosx|

(28) [ tanx secx dx

Solution
sinx
I'= fcoszx dx
Let u = cosx, so that du = —sinx dx,
andl = — [u ?du=u""! =secx

. X
(29) [ arcsin (g) dx
Solution

By Parts, integrating 1 and differentiating arcsin (g)

I = xarcsin (g) —[x . G) dx

=)

—xarcsm() fﬂ

Let u = x2, so that du = 2x dx

Then I = xarcsin (g) — %fm du

16



= xarcsin (g) — % (9 — u)% <1> (-1)

NI

1

= xarcsin (g) + (9 — x2)2

sinx

B0)* |

Solution

sinx+cosx

sinx—cosx

Note that [ ———— dx = — In|sinx + cosx|,
sinx+cosx

d , . .
as — (sinx + cosx) = cosx — sinx
Let sinx = A(sinx + cosx) + B(sinx — cosx)

ThenA+B=1&A—B=0,soA=B=%

sinx+cosx Sinx—cosx

1
and] =~ |

sinx+cosx sinx+cosx

1 .
= %x — Elnlsmx + cosx|

(31) Find a reduction formula for I,, = fol x™W1 —x2 dx
Solution

By Parts, integrating xvV1 — x2 and differentiating x™ 1,

3 - 3
—x2V2 —x2)2
I, = [_1(1 Sx)zxn—l (1)_f01_1(1 x?)? (n— 1)xn—2dx

2 (3) 2 (3)

1 3 1]l 1 1 3 oa-
= —5[(1—x2)2x” g 0Tz =D Jo (1 —x?)2 x™2dx

= —§(0 —0) +§(n - 1) fol(l — x?)V1 — x% x"2dx

17
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=2 (n = D){In—y — In}
so that In(3 + (n — 1)) =(n-1DI,_,

n-1
and hence [, = mln—z

(32) [; (Inx)? dx

Solution

By Parts, integrating 1 and differentiating (Inx)?:
e 1
[ = [x(lnx)z]1 — flex(Zlnx) (;) dx

=e—2f1elnxdx

Then, by Parts again, integrating 1 and differentiating Inx:

I=e— 2{[xlnx]i — flex (i) dx}

=e—2e+2(e—1)=e—-2

(33) [ 2* dx
Solution

1
Let 2 = e¥,sothat] = [e* dx = lokx = L ox
k In2

18
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1
CON borvsreriy

Solution

= [———dx= %arctan (?)

(x+3)%2+9

Solution

Let u = x3, so that du = 3x?dx,

1, 1 1 1
and I == [ — du = -arctanu = - arctan(x>)
37 1+4u 3 3

dx

36) [

(2x2+3)2

Solution

Let 2x% = 3tan?6, so that x = \/g tanfd and dx = \E sec?6 do

Then [ = f 5 sec” s do

32(tan26+1)2
sec?0 1 1 .
=——| cosf df =——=sin6
3\/—fsec30 3\/§f 34/2

) 2 1 1

Now sin“0 =1 —cos“0 =1 — =1-—
1+tan?0 1+§x2
3 2x%

3+2x2  3+2x2

1 2x2 X
sothat] = =
3v2\ 3+2x2 3V3+2x2

19



(37)** [V4x% — 1dx

Solution

Let 2x = secH, so that 2dx = tanOsecO do

ThenI = [Vsec?6 — 1 (%)tan@sec@ do
= [ tan®Osect db
2

= %f(secze — 1)sech d6

=L (sec30do — X[ seco db
zf 2

Then see (4) for [ secO d and (17) for [ sec36 do.

Alternative method: See Integration Exercises - Part 3
(Hyperbolic Functions).

4x+5

(38) | Fmgmr 0

Solution

—-6—2x 7
2f\/4—6x—x2 dx._‘IV4—6x—x2
1
_ 2(4-6x-x?)2 [ 1

(%) J13=(x+3)2 dx

1
— _ G — w25 _ o (Xt3
= —4(4 — 6x — x*)z — 7arcsin ( m)

] = — dx

20
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(39) fs";‘f dx

Solution

1

Let y = +/x, so that dy = %x‘i dx

and I = [ siny.2dy = —2cosvx

(40) Find a reduction formula for I,, = foz x™"W4 — x? dx,and

1024

hence show that fOZ x°V4 —x? dx = -

Solution

By Parts, integrating xv4 — x2 and differentiating x™ 1,

3 . 3
a2\ _+2)2
[ = [_m DR a2 g2 10 qynzgy

2 () )

1 3 n-1]2 1 2 3 oa-
= —5[(4—x2)2xn g o T3 =1D Jy (4 —x?)2 x™2dx

= —§(0 —0) +§(n -1) f02(4 — x?)V4 — x2 x™ 2dx

1

=3 (n—D{4l,_, — I}

so that In(3 + (n— 1)) =4(n—1)I,_,
and hence I, = %In_z

Then foz x5V4—x2 dx =1 = @13 _ 1_76(4)5(2) I, = %11

and I; = fozxv4 —x% dx = —%foz —2xV4 — x? dx

_ 1(4—x2)%2_ 1 _ 8
“5[ 0 ]o“?“"*”‘?’

21
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so that [7 xSVA— 2% dx =20 (%) 5 1024

35 \3 105

(41) Find a reduction formula for I,, = fon cos™x dx, and hence

3
show that fon cos*x dx = ?n

Solution

n—1

T
I, = |, cosx. cos™ 'xdx

Integrating by Parts (integrating cosx and differentiating
cos™ 1x),

n—1

I, = [sinx.cos x]g — f(:r sinx(n — 1)cos™ 2 (—sinx)dx

=0+(n—-1) fon(l — cos?x) cos™ %dx
=M - D, — (n— DI,
sothat nl,, = (n— 1)I,,_,

and [, = nT_l L,_»

Bl w
~
N

I

|
N =
~
o

I

| w
5=

S|
=
U
I
@ |w

Hence fon cos*x = [x]g

8+0

3 3
s (M- 0 =7

(42) Use the substitution t = tan (E) to find fOZ

2+sinx

Solution

2
Lett = tan G) so that tanx = T L

2
[and the right-angled triangle with angle x has sides
1—t%2t&1+t*]
1 1
and dt = - sec” (g) dx = (t* + 1)dx

22



1

— 1 1 1 2
— 2 pr—
Then ! 0 2+sinx dx fﬂ 2+(12_tz) "t2+41 dt
+t
1 1
- fO (t2+1)+t dt
1 1

= | —5— dt

= 1,.3
0 (t+)2+5

1

(Tli) arctan(%)
2 2

= \/—25 (arctan(\3 — arctan (i))

0

V3
2 i T
5G9
_2m _m3
T 6vV3 9

(43) [ cosecx secx dx

Solution

MI=J

1

sinx cosx (f) sin2x

1

Writing u = 2x, so that du = 2dx,
=2 cosecu. G) du
=In |tan (g) | from tables

= In|tanx|

1

sinx cosx

COoSsXx
dx

dx = [

2)I=]

sinx(1-sin?x)

Let u = sinx, so that du = cosx dx

23

dx = [ 5 dx =2 [ cosec2x dx
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and I = | (1 du (*)
1 1
Thenletz = -, sothatdz = — = du
u u
1
and I = [ _Zi(—z—z)dz——f 4z
)
= —2in|z? — 1
2
1 1
——Eln|§—1|

1

= —Eln|cosec2x —1|
1

= —Eln|cot2x|

= In|tanx|

(3) From (*) in (2), fu(l du = f t o+ du

where Al—uw(@+uw)+Bu(l+u)+Cu(l—u)=1
Thenu=0=>4A=1u=1=>2B=1,u=-1=>-2C=1,

1
sothat I = [ +() D gy

1-u 1+u
1 1
= In|u| —Elnll — u —Elnll + u|

u2

— Y —
2 n| (1-w)(1+w)

| (strictly speaking, this use of the modulus

would need to be justified)

1 sin?x

—2 | (1-sinx)(1+sinx)

1 sinx

cos?x

24
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= In|tanx| ]

2

4) Lett = tan (= ,sothattanx=—t
2

2 1-t

[and the right-angled triangle with angle x has sides
1-—t%2t&1+t?]

1 1
and dt = - sec? (g) dx = (t* + 1)dx

1+t 1+t2 2
Then I = [ cosecx secxdx = [ — . dt
2t "1-22 "£241

1+t2
n ft(l—tz) dt

1-t2 2t2
a ft(l—tz) dt + ft(l—tz) dt
=[2dt+2[— dt

t (1-t2)

= In|t| —In |1 — ¢?|
t
=In |51
1
= In |Etanx|

= In|tanx| + In (%)

ie In|tanx|, apart from a constant

(44) [ cosec?x dx

Solution

fmng.uk

[As [ sec?x dx = tanx, we might suspect that the answer was

either cotx or —cotx, and we could confirm this by

25
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differentiation.]

1

J cosec?x dx = [ —— dx
= f#g_x) dx

= [ sec? (g - x) dx

= —tan (g —X)

= —cotx

(3 cind
(45)] = [2 sin*x dx
Solution
(1) Consider [2(sin’x + cos®x)? dx =] + [2(cosx)* dx
+2 [2sin®xcos®x dx (¥)

Considering the areas under the curves of sin*x and cos*x (or

T
making the substitution y = g — x in [?(sinx)* dx),

T

J(cosx)* dx =],

* - 17 2
and (*) becomes fOZ ldx =2]+ Efoz(SlTle) dx
so that 2] = % — %fg(l — cos4x) dx,

and | =

NE
<IE

~2 [x — lSin4x]
8 4

_m 1(1‘[)_31‘[
4 8\2/) 16’

26
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2)] = fg(%[l — c0s2x])? dx

= lfOE 1 — 2co0s2x + (cos2x)? dx

4
1 1.2
=Z[x—sm2x](2)+zf025[1+cos4x] dx
1 1 1 2
=—(E)+—[x+—sin4x]2
a\2/ " 8 4 0
T,
8 16
3

27



