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Integration Exercises - Part 1 (Sol'ns) (8 pages; 7/11/17)
(Note: The constant of integration has been omitted throughout.)
(1) I = [ sinx cosx dx

Solution

Method 1 (rearrangement)

I=%fsin2xdx=

N =
N =

(—cos2x) = — % coS2x

Method 2 (substitution)

Let u = sinx, so that du = cosx dx
1 1

I =fudu==u?*==<sin*x
2 2

[= %% (1 — cos2x), which differs from Method 1 by a constant (ie

they have different constants of integration)]
Method 3 (Parts)
Integrating cosx:

I = [ sinx cosx dx = sinx.sinx — [ cosx.sinx dx = sin®x — I

1.
Hence I = Esmzx

Inx
(2)1=[== dx
Solution

Method 1 (substitution)

1
Let u = Inx, so that du = ;dx
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I = fuduz% =—(lnx)2

Method 2 (Parts)

Integrating i:
I = fm—x dx = Inx. Inx —flnx.i dx = (Inx)* —

Hence I = %(lnx)2

(3)1 = J-x+1
Solution

Method 1 (rearrangement)

==+ Zdx=[1+—dx=x+2In|x—1]
Method 2 (substitution)

Letu =x —1,so that du = dx

ThenI—fu+2 u=f1+§du
=u+2Injul=x—-1+2In|x — 1]

= x + 2 In|x — 1|, with a different constant of integration

Note: Parts is possible, but involves integrating In [x — 1| (by
Parts again), as well as a rearrangement - making it much longer
than Method 1.
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4)I=[x2x—1)"dx
Solution
Method 1 (substitution)

Letu = 2x — 1,so that du = 2dx
1 71

=ifu8+u7du

1(1 1
=—(—u9 +—u8)
4\9 8

1 1
= —(2x - 1)+ (@2x —1)°

or — (2x — 1)*[8(2x — 1) + 9)] = (2x — D¥(16x + 1)

Method 2 (Parts)

Integrating (2x — 1)7:

1 1 1 1
[ = X.E(ZX — 1)8.5— f§(2x — 1)85dx

_ 1 _1y8_11 _ 1)1
= 16x(Zx 1) 16.9(2x 1) 3
_ 1 _1)\8 _ _

= oa (2x — 1)°{18x — (2x — 1)}

_ 1 _1\8
=5 (2x —1)°{16x + 1}



(5) [ = dx

Solution

=%x2—x+ln|x+1|

X

6)I =] - dx

(1+x)2

Solution

Letu =1+ x, so that du = dx
1= % du
uz

1 1
= [uz—u"zdu

2 3 1 2 3 1
=§u2+2u2+c=§(1+x)2+2(1+x)2

3
(7)1 = fx(x + 1)zdx
Solution
Letu = x + 1, so that du = dx

I=f(u— 1)u§du

5 3
= [uz —uzdu
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) ; s mng.u
=;(x+1)2—g(x+1)2

= %(x + 1)5(5(x + 1) — 14)

== (x+ 1)3(5x — 9)

[or by Parts]

X

(8) [ = dx

1

Solution

= f_x_1+i dx = [ -1 + 2 dx
x+1 x+1 x+1

= —x+ 2In|x + 1|

(9) [ xV1 — x dx

Solution

Letu =1 — x,sothatdu = —dx
1
Then! = [(1 — w)uz (—du)

1 3
= [ —uz +uzdx
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(10) [ tanx dx

Solution
_ fsinx dx
coSsx
Let u = cosx, so that du = —sinx dx
1
Then I = f—; du = —In|u| = —In|cosx| = In|secx]|

(11) [ Inx dx

Solution

= [(1)inx dx = [by Parts] xlnx — [ x G) dx

= xlnx — x
(12) [ xVx2 —1dx
Solution

As [xdx = %xz , and the rest of the integrand is a simple function

of x?, letu = x?, so that du = 2x dx, and

1
Izéf(u—l)idu=%

3 3
=(u-1)z=-(2-1):
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(13) [ x7Inx dx

Solution

By Parts: integrating x” and differentiating Inx,

I = %x8lnx — f%xB G) dx = %x8lnx —éfx7 dx

= %xSInx —%(%8) = %xglnx — :—z or :—:(8lnx - 1)
(14) [ sinx e* dx

Solution

By Parts, integrating e* and differentiating sinx:

I = e*sinx — [ e*cosx dx

= e*sinx — {e*cosx — [ e*(—sinx)dx }

(integrating e* and differentiating cosx)

e*sinx —e*cosx — I

Hence 21 = e*(sinx — cosx) and I = %e"(sinx — COSX)

[Note that, for the 2nd application of Parts, integrating cosx and
differentiating e* will take us back to where we started:

e*sinx — {sinxe* — [ sinxe*dx} =1

(15) [ cosxVsinx dx
Solution

Let u = sinx, so that du = cosx dx,
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3
1 > 3
and I = [uzdu = (uTz) = g(sinx)i
2

(16) [ sin®x dx

Solution

Method 1

I= f%(l — cos2x)dx = %x — %Sian

Method 2

By Parts,

I = [ sinxsinx dx = (—cosx)sinx — [(—cosx)cosx dx (*)
1

= —-sin2x + [ 1 - sin®x dx

= 2] = —%sian + x

1 1
=] =Ex—zsm2x

Note: Attempting to apply Parts a 2nd time from (*):

1.
['=—-sin2x + [ cosxcosx dx

1, . . .
= —ESanx + sinxcosx — [ sinx(—sinx)dx = I



