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Induction - Exercises: Series (22 pages; 27/7/25)

The sum of the 1st n odd numbers is n?
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The sum of the 1st n odd numbers is n?

Solution

Resultto prove: 1+ 3+ 5+ -+ (2n— 1) = n?
[Apparently this was the first published proof by induction.]
[The 1st step is often to rewrite the LHS using the summation
sign.]

Result to prove: ¥,*_,(2r — 1) = n?

[Show that the result is true for n = 1]

Now assume that the result is true for n = k, so that
T2 —1) = K

The target resultis Y**1(2r — 1) = (k + 1)?

Then Y ktl2r — 1) =k?2+ [k +1] - 1)

= k?+ 2k + 1 = (k + 1)?, which is the target.

[Standard wording]
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1X4+2X5+3%X6+-+nn+3)=n(n+1)(n+5)



1X4+2X5+3%X6++nn+3)=n(n+1)(n+5)
Solution

Result to prove: }'_,r(r + 3) = %n(n +1)(n+5)

[Show that the result is true for n = 1]

Now assume that the result is true for n = k, so that
Sk +3) =<k(k + 1)(k + 5)

The target result is

Klr(r+3) = 2(k+ 1)(k + 2)(k +6)

Then Ykflr(r+3) = gk(k +1)(k+5) + (k+ Dk + 4)

= (ke + Dik(k + 5) + 3(k + 4)} = - (k + 1)(k? + 8k + 12)

= (k + 1)(k + 2)(k + 6) , which is the target.

[Standard wording]
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1 1 1 1
-4+-4+-4+—==1—-—
2 4 8 2n

Solution
Result to prove: Y. 1 = =1-=

[Show that the result is true for n = 1]

Now assume that the result is true for n = k, so that

Irc=12_1r =1- zik
The target result is Zk“ =1 2k1+1
Then Yt = =1- 2_1k + 2k1+1
=1- 2k+1 (2—1) =1 — 5555, which is the target.

[Standard wording]
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24+4+6+-+2n=nn+1)



2+4+6+-+2n=nn+1)

Solution

Result to prove: })'_; 2r = n(n + 1)

[Show that the result is true for n = 1]

Now assume that the result is true for n = k, so that
Yk 2r=k(k+1)

ThenY¥t1o2r =k(k + 1) +2(k+1) = (k+ 1)(k + 2)
(k+D([k+1]+1)

[Standard wording]
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rer(r+1) = %n(n +1)(n+2)



reir(r+1) = %n(n +1)(n+2)
Solution

[Show that the result is true for n = 1]

Now assume that the result is true for n = k, so that

Sk O+ 1) =< k(k +1)(k +2)
Then Tf1r(r+ 1) = 2k(k + Dk +2) + (k + D(k + 2)
= (k+ D(k +2)(k +3)

= (k+ D([k + 1] + D([k + 1] +2)

[Standard wording]
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nr(r+2) = %n(n +1)(2n+7)
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rr(r+2) = %n(n +1)(2n+7)

Solution
[Show that the result is true for n = 1]

Now assume that the result is true for n = k, so that

Sk O+ 2) = =k(k +1)(2k +7)

Then X1 k(k + 2) = %k(k +1)QRk+7)+ (k+1)(k+3)

1

= =(k + D{k(2k +7) + 6(k + 3)}

= = (k + 1)(2k? + 13k + 18)

1

== (k + 1) (2k + 9)(k + 2)

- %(k +D(k+ 1]+ DRk + 1]+ 7)

[Standard wording]
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nrr+ D@ +2) = cnn+ D+ 2)(n+ 3)

13



nrr+ DO +2) = cnn+ D+ 2)(n+ 3)
Solution

[Show that the result is true for n = 1]

Now assume that the result is true for n = k, so that
Sk @+ D)0 +2) =2 k(k + D)(k + 2)(k +3)
Then Y 1r(r + 1)(r + 2)

= ~k(k + 1)k +2)(k +3) + (k + Dk + 2)(k + 3)

= i(k + Dk +2)(k + 3)(k + 4)

1

=-(k+1D(k+1]+D(k+ 1]+ 2)([k+ 1]+ 3)

4

[Standard wording]

14

fmng.uk



fmng.uk

Sr_, 27 =2(2" - 1)
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n_2r=202"-1)

Solution

[Show that the result is true for n = 1]

Now assume that the result is true for n = k, so that
Y12t =202 -1)

Then YXt127 = 2(2% — 1) + 2**1

=2k1(14+1) -2 =202F1-1)

[Standard wording]
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=1 (2r—1)(2r+1)  2n+1
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=1 (2r—1)(2r+1)  2n+1

Solution
[Show that the result is true for n = 1]

Now assume that the result is true for n = k, so that

1 Kk
Y(2r+1)  2k+1

k
Lir=1 (2r-1

=1 Qr-1)(2r+1)  2k+3

The target result is ),

k 1
LHS =
2k+1  (2k+1)(2k+3)
k(2k+3)+1  2k*+3k+1 _ (2k+1)(k+1) _ k+1

= 2k+1)(2k+3)  (2k+1)(2k+3)  (2k+1)(2k+3) _ 2k+3

[Standard wording]
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n 1 _ n(n+3)

T=lrer+D)(r+2)  4(nt+1)(n+2)
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n 1 _ n(n+3)
=lrr+1)(r+2)  4(n+1)(n+2)

Solution

[Show that the result is true for n = 1]

Now assume that the result is true for n = k, so that

Zk 1 _ k(k+3)
"=lrr+1)(r+2)  4(k+1)(k+2)

k+1 1

_ (k+1)(k+4)

The target resultis )23 r 1) 42)

_ k(k+3) 1
LHS = 4(k+1)(k+2) = (k+1)(k+2)(k+3)
k(k+3)(k+3)+4 k3+6k?+9k+4

T A D) (k42)(k43)  a(k+1)(k+2)(k+3)

_ (k+1)(k245k+4)  (k+1)(k+4)
T 4(k+1)(k+2)(k+3)  4(k+2)(k+3)

[Standard wording]
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Y r@r) =Mm+ 1) —1
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rirD)=m+1D' -1

Solution

[Show that the result is true for n = 1]

Now assume that the result is true for n = k, so that
Yk r)=(k+1)!-1

Then Y¥tlrD) =k + D! =1+ (k+ 1D (k + 1)!
=k+D)k+2)—1=(k+2)-1
=((k+1]+1D!-1

[Standard wording]
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