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Ellipses - Exercises (6 pages; 20/3/25)

Show that the equation of the tangent to the ellipse

x? y? ) . YY1 | XXq
— +,; = latthe point (x1,¥1) s~ +—=1

a2



fmng.uk
[Show that the equation of the tangent to the ellipse

X2 y? _ YY1 XXy
— +57 = latthe point (xy,y,) is =5 +— = 1]

Solution
) .. ) 2x 2y dy dy xb?
Differentiating gives — +—= — =0, so that — = ——
CR a? = b? dx ’ dx ya?
Then the t tat (x;,y,)is 222 = Xl
en the tangentat (xq,y,)is == = >
1 yia
or yy,a? — y;%a? = —xx,;b? + x,2b?
dh iy’ xx x4
and hence =5 =~ = ——+—
2 2
YY1 XX1 __ Xq Y1
or b2+a2_a2+b2

2
As (x4, y,) lies on the ellipse, % + 3%2 =1,

YY1

sowe have 22 4+ 221 = 1 asthe equation of the tangent.
b? a?
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Given the ellipse % - Z—z = 1 andcircle x? + y? = a?,letl; be

the tangent to the ellipse at the point (acos8, bsin@) and [, be the
tangent to the circle at the point (acos@, asinf). Find the locus of
the point of intersection of [; & [,, as 6 varies.
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[Given the ellipse % + % = 1 and circle x* + y% = a?,letl; be

the tangent to the ellipse at the point (acos8, bsinf) and [, be the
tangent to the circle at the point (acos@, asin®). Find the locus of
the point of intersection of [; & [, as 6 varies.]

Solution

, dy

. . y—bsinf /dg bcosO

Th ionoflyi = = 1
e equation o l1 Sx—acos@ dx/de —asin® ( )

d
y—asingd y/dg __ acos6

The equation of [, is (2)

x—acos@ dx/de —asin®

At the intersection of [; & [,,

—asin@
bcosO

X —acosf = (y — bsin@) from (1)

—sin@

and x — acosf = (y — asin@) from (2),

cos6
a . .
so that (E) (y — bsinf) = y — asin6
= ay — absinf = by — absinf

= y = 0, as a # b (otherwise the ellipse would be a circle)

asin?0

Then, from (2), x — acosf =

cosf '’

so that xcos@ = acos?6 + asin?0 = a, and thus x = —

As —1 < cosO < 1, x can take values in the range
(—o, —a] & [a, )

Thus the required locus is the set of points on the x-axis in the
above range.
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Show that the area within the ellipse z—z + % = 1lismab
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[Show that the area within the ellipse z—z + Z_Z = 1is mab]

Solution

Area=4f0ab fl—z—z dx

Let x = asin@, so that dx = acos6 db

Then Area = 4b [ cos. acos6 db

= 2ab [21 + cos26 df

= 2ab[0 + %sinZH]

onNIx

= 2ab (g) = mab



