fmng.uk
Discrete Random Variables - Exercises

(10 pages; 14/2/26)

(1) The probability distribution of a discrete random variable is
shown below.

X 1 2 3

P(X =x) p q r

Given that E(X) = g and Var(X) = g, find p,q and r.
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(1) The probability distribution of a discrete random variable is

shown below.

b 1 2 3

P(X =x) p q r

Given that E(X) = g and Var(X) = g, find p,q and r.
Solution
p+q+r=1(1)

E(X)=2=1(p) +2(q) +3(0) =2;3p+6q +9r =7 (2)

9]}

Var(x) == E(X?) - [EQOP? =2

O

= 1(p) +4(q) +9() =5 =2

=>p+4q+9r =6 (3)

Using (1) to eliminate r from (2) & (3):
3p+6g+9(1—p—q) =7, —6p—3q=—-2;6p+3q =2 (4)
and p+49+9(1—p—q) =6; —8p —5q = —3;

8p +5q =3 (5

Then 4(4) —3(5) = —3q = —1;¢q =§

and (4) > 6p=2—-1;p =

alr

1 11
and(1)=>r—1—g—§_E
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(2) The random variables X; , for i = 1 to 100, are independent,
and P(X; =1) =P(X; = -1) =%

Find:

(i) Var(X,)

(if) Var (X, +Xp + -+ X100)

(iii) Var(100X;)

(iv) Var(X1 — X5)



fmng.uk
(2) The random variables X; , fori = 1 to 100, are independent,

and P(X; =1) = P(X; = —1) =§
Find:

(i) Var(X,)

(i) Var(X; + X, + - + X100)

(iii) Var(100X,)

(iv) Var(X; — X,)

Solution

() Var(X,) = E(X;*) — (E(X1))?

={1+5.1}-0=1

(i) Var(X; + X, + - + X100)
=Var(X;) + Var(X,) + -+ Var(X;90)
(as the X; are independent)

= 100(1) = 100

(iii) Var(100X,) = 100%Var(X;) = 10000

(iv) Var(X; — X,) = 1?Var(X;) + (=1)*Var(X,)
—141=2
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(3)(i) Show algebraically that E[aX + b] = aE(X) + b

(ii) Show that Var(X) = E(X?) — u?

(iii) Show that Var(aX + b) = a?*VarX



(3)(i) Show algebraically that E[aX + b] = aE(X) + b
(ii) Show that Var(X) = E(X?) — u?

(iii) Show that Var(aX + b) = a?*VarX

Solution

(i) ElaX + b] = Y,(ax + b)P(X = x)

= [a2xxP(X =x)] +b Xy P(X = x)

=aE(X)+b

(ii) Var(X) = E[(X — w)?]

= E[X? — 2Xu + p?]

= Yp(x? = 2xpu + u?)P(X = x)

= [Zxx*P(X = )] — [2p X xP(X = )] + p? X P(X = x)
= E(X?) — 2uE(X) + p?

= E(X?) — 2u? + u?

= E(X?) —p?

(iii) Var(aX + b) = E[(aX + b)?] — [E(aX + b)]?

= E[a?X? + 2abX + b?] — [aE(X) + b]?

= a’E(X?) + 2abE(X) + b? — [a?[E(X)]? + 2abE(X) + b?]
= a’E(X?) — a*[E(X)]?

= a’VarX
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(4) Show that }»7_, P(X = x) = 1 for the Binomial distribution.



fmng.uk

(4) Show that }»7_, P(X = x) = 1 for the Binomial distribution.

Solution

TiooP(X = x) = 3o () p*(1 - p)

=@+[1-pD"=1
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(5) If X~B(n,p), prove that E(X) = np



(5) If X~B(n,p), prove that E(X) = np

Solution

E(X) = 3o

x) p*(1—p)"x

=74 x'(:ix)' p*(1 —p)"*x (asthe 1stterm vanishes)

= np Ty — LD (1 — p)n

=1 (x—1)I(n-x)!

_ (n—1)! _ —
= np Z?—%:omp(x D1 —p)*

letu=x—1and N=n-1

N! -
Then E(X) = np Zilco oy P (L = V™

=npYy,PX =u)=np

10
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