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Discrete Random Variables – Exercises 

(10 pages; 14/2/26) 

 

(1) The probability distribution of a discrete random variable is 

shown below. 

𝑥           1           2           3 

𝑃(𝑋 = 𝑥) 𝑝 𝑞 𝑟 

 

Given that 𝐸(𝑋) =
7

3
  and 𝑉𝑎𝑟(𝑋) =

5

9
, find 𝑝, 𝑞 and 𝑟.  
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(1) The probability distribution of a discrete random variable is 

shown below. 

𝑥           1           2           3 

𝑃(𝑋 = 𝑥) 𝑝 𝑞 𝑟 

 

Given that 𝐸(𝑋) =
7

3
  and 𝑉𝑎𝑟(𝑋) =

5

9
, find 𝑝, 𝑞 and 𝑟.  

Solution 

𝑝 + 𝑞 + 𝑟 = 1  (1)    

𝐸(𝑋) =
7

3
⇒ 1(𝑝) + 2(𝑞) + 3(𝑟) =

7

3
; 3𝑝 + 6𝑞 + 9𝑟 = 7  (2)  

𝑉𝑎𝑟(𝑋) =
5

9
⇒ 𝐸(𝑋2) − [𝐸(𝑋)]2 =

5

9
  

⇒ 1(𝑝) + 4(𝑞) + 9(𝑟) −
49

9
=

5

9
  

⇒ 𝑝 + 4𝑞 + 9𝑟 = 6  (3)   

Using (1) to eliminate 𝑟 from (2) & (3): 

3𝑝 + 6𝑞 + 9(1 − p − q) = 7;  −6𝑝 − 3𝑞 = −2; 6𝑝 + 3𝑞 = 2  (4) 

and  𝑝 + 4𝑞 + 9(1 − p − q) = 6; −8𝑝 − 5𝑞 = −3; 

8𝑝 + 5𝑞 = 3  (5) 

Then  4(4) − 3(5) ⇒ −3𝑞 = −1; 𝑞 =
1

3
 

and (4) ⇒ 6𝑝 = 2 − 1; 𝑝 =
1

6
 

and (1) ⇒ 𝑟 = 1 −
1

6
−

1

3
=

1

2
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(2) The random variables 𝑋𝑖  , for 𝑖 = 1 to 100,  are independent, 

and  𝑃(𝑋𝑖 = 1) = 𝑃(𝑋𝑖 = −1) =
1

2
 

Find: 

(i) 𝑉𝑎𝑟(𝑋1)  

(ii) 𝑉𝑎𝑟(𝑋1 + 𝑋2 + ⋯ + 𝑋100)  

(iii) 𝑉𝑎𝑟(100𝑋1)  

(iv) 𝑉𝑎𝑟(𝑋1 − 𝑋2)  
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(2) The random variables 𝑋𝑖  , for 𝑖 = 1 to 100,  are independent, 

and  𝑃(𝑋𝑖 = 1) = 𝑃(𝑋𝑖 = −1) =
1

2
 

Find: 

(i) 𝑉𝑎𝑟(𝑋1)  

(ii) 𝑉𝑎𝑟(𝑋1 + 𝑋2 + ⋯ + 𝑋100)  

(iii) 𝑉𝑎𝑟(100𝑋1)  

(iv) 𝑉𝑎𝑟(𝑋1 − 𝑋2)  

Solution 

(i) 𝑉𝑎𝑟(𝑋1) = 𝐸(𝑋1
2) − (𝐸(𝑋1))2   

= {
1

2
 .1 +

1

2
. 1} − 0 = 1   

 

(ii) 𝑉𝑎𝑟(𝑋1 + 𝑋2 + ⋯ + 𝑋100) 

= 𝑉𝑎𝑟(𝑋1) + 𝑉𝑎𝑟(𝑋2) + ⋯ + 𝑉𝑎𝑟(𝑋100)   

(as the 𝑋𝑖  are independent) 

= 100(1) = 100  

 

(iii) 𝑉𝑎𝑟(100𝑋1) = 1002𝑉𝑎𝑟(𝑋1) = 10000  

 

(iv) 𝑉𝑎𝑟(𝑋1 − 𝑋2) = 12𝑉𝑎𝑟(𝑋1) + (−1)2𝑉𝑎𝑟(𝑋2) 

= 1 + 1 = 2   
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(3)(i) Show algebraically that  𝐸[𝑎𝑋 + 𝑏] = 𝑎𝐸(𝑋) + 𝑏  

(ii) Show that  𝑉𝑎𝑟(𝑋) = 𝐸(𝑋2) − 𝜇2 

(iii) Show that  𝑉𝑎𝑟(𝑎𝑋 + 𝑏) = 𝑎2𝑉𝑎𝑟𝑋  

 



 fmng.uk 

6 
 

(3)(i) Show algebraically that  𝐸[𝑎𝑋 + 𝑏] = 𝑎𝐸(𝑋) + 𝑏  

(ii) Show that  𝑉𝑎𝑟(𝑋) = 𝐸(𝑋2) − 𝜇2 

(iii) Show that  𝑉𝑎𝑟(𝑎𝑋 + 𝑏) = 𝑎2𝑉𝑎𝑟𝑋  

Solution 

(i) 𝐸[𝑎𝑋 + 𝑏] = ∑ (𝑎𝑥 + 𝑏)𝑃(𝑋 = 𝑥)𝑥   

= [𝑎 ∑ 𝑥𝑃(𝑋 = 𝑥)] +𝑥 𝑏 ∑ 𝑃(𝑋 = 𝑥)𝑥    

= 𝑎𝐸(𝑋) + 𝑏  

 

(ii) 𝑉𝑎𝑟(𝑋) = 𝐸[(𝑋 − 𝜇)2]  

= 𝐸[𝑋2 − 2𝑋𝜇 + 𝜇2]  

= ∑ (𝑥2 − 2𝑥𝜇 + 𝜇2)𝑃(𝑋 = 𝑥)𝑥   

= [∑ 𝑥2𝑃(𝑋 = 𝑥)𝑥 ] − [2𝜇 ∑ 𝑥𝑃(𝑋 = 𝑥)]𝑥 + 𝜇2 ∑ 𝑃(𝑋 = 𝑥)𝑥    

= 𝐸(𝑋2) − 2𝜇𝐸(𝑋) +  𝜇2  

= 𝐸(𝑋2) − 2𝜇2 + 𝜇2  

= 𝐸(𝑋2) − 𝜇2  

 

(iii) 𝑉𝑎𝑟(𝑎𝑋 + 𝑏) = 𝐸[(𝑎𝑋 + 𝑏)2] − [𝐸(𝑎𝑋 + 𝑏)]2  

= 𝐸[𝑎2𝑋2 + 2𝑎𝑏𝑋 + 𝑏2] − [𝑎𝐸(𝑋) + 𝑏]2  

= 𝑎2𝐸(𝑋2) + 2𝑎𝑏𝐸(𝑋) + 𝑏2 − [𝑎2[𝐸(𝑋)]2 + 2𝑎𝑏𝐸(𝑋) + 𝑏2]  

= 𝑎2𝐸(𝑋2) − 𝑎2[𝐸(𝑋)]2  

= 𝑎2𝑉𝑎𝑟𝑋  
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(4) Show that  ∑ 𝑃(𝑋 = 𝑥) = 1𝑛
𝑥=0  for the Binomial distribution. 
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(4) Show that  ∑ 𝑃(𝑋 = 𝑥) = 1𝑛
𝑥=0  for the Binomial distribution. 

Solution 

∑ 𝑃(𝑋 = 𝑥) = ∑ (
𝑛
𝑥

) 𝑝𝑥(1 − 𝑝)𝑛−𝑥𝑛
𝑥=0

𝑛
𝑥=0   

= (𝑝 + [1 − 𝑝])𝑛 = 1  
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(5) If  𝑋~𝐵(𝑛, 𝑝),  prove that  𝐸(𝑋) = 𝑛𝑝    
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(5) If  𝑋~𝐵(𝑛, 𝑝),  prove that  𝐸(𝑋) = 𝑛𝑝    

Solution 

 𝐸(𝑋) = ∑ (
𝑛
𝑥

) 𝑝𝑥(1 − 𝑝)𝑛−𝑥𝑥𝑛
𝑥=0   

= ∑
𝑛!

𝑥!(𝑛−𝑥)!
𝑝𝑥(1 − 𝑝)𝑛−𝑥𝑥𝑛

𝑥=1     (as the 1st term vanishes) 

= 𝑛𝑝 ∑
(𝑛−1)!

(𝑥−1)!(𝑛−𝑥)!
𝑝(𝑥−1)(1 − 𝑝)𝑛−𝑥𝑛

𝑥=1    

= 𝑛𝑝 ∑
(𝑛−1)!

(𝑥−1)!(𝑛−𝑥)!
𝑝(𝑥−1)(1 − 𝑝)𝑛−𝑥𝑛−1

𝑥−1=0    

Let  𝑢 = 𝑥 − 1  and  𝑁 = 𝑛 − 1 

Then  𝐸(𝑋) = 𝑛𝑝 ∑
𝑁!

𝑢!(𝑁−𝑢)!
𝑝𝑢(1 − 𝑝)𝑁−𝑢𝑁

𝑢=0  

= 𝑛𝑝 ∑ 𝑃(𝑋 = 𝑢) = 𝑛𝑝𝑢    


