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Discrete Random Variables (8 pages; 4/2/23) 
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(1) Types of Discrete Random variable 

(a) defined by a formula; eg Binomial 

(b) no formula is readily available, but probabilities can be 

calculated theoretically; eg sum of values on two dice 

(c) probabilities for 𝑋 = 1, 𝑋 = 2, … are specified individually; 

possibly based on experimental data 

 

(2) Variance 

𝑉𝑎𝑟(𝑋) = 𝐸[(𝑋 − 𝜇)2]  

= 𝐸[𝑋2 − 2𝑋𝜇 + 𝜇2]  

= ∑ (𝑥2 − 2𝑥𝜇 + 𝜇2)𝑃(𝑋 = 𝑥)𝑥   

= [∑ 𝑥2𝑃(𝑋 = 𝑥)𝑥 ] − [2𝜇 ∑ 𝑥𝑃(𝑋 = 𝑥)]𝑥 + 𝜇2 ∑ 𝑃(𝑋 = 𝑥)𝑥    

= 𝐸(𝑋2) − 2𝜇𝐸(𝑋) +  𝜇2  

= 𝐸(𝑋2) − 2𝜇2 + 𝜇2  

= 𝐸(𝑋2) − 𝜇2  

 

(3) Unbiased estimator for the population variance 

The random variable 𝑆2 =
1

𝑛−1
([∑ 𝑋2] − 𝑛𝑋

2
) is an unbiased 

estimator for the population variance 𝜎2. 

Proof 

𝐸(𝑆2) =
1

𝑛−1
{[∑ 𝐸(𝑋2)] − 𝑛𝐸(𝑋

2
)}  

=
1

𝑛−1
{𝑛𝐸(𝑋2) − 𝑛𝐸 (𝑋

2
)}  

=
𝑛

𝑛−1
{𝐸(𝑋2) − 𝐸 (𝑋

2
)}  
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Now  𝜎2 = 𝐸(𝑋2) − 𝜇2, so that 𝐸(𝑋2) = 𝜎2 + 𝜇2 

Also, 𝑉𝑎𝑟(𝑋) = 𝐸 (𝑋
2

) − 𝜇2 , 

and 𝑉𝑎𝑟(𝑋) = 𝑉𝑎𝑟(
𝑋1+⋯+𝑋𝑛)

𝑛
=

1

𝑛2 𝑉𝑎𝑟(𝑋1 + ⋯ + 𝑋𝑛) 

=
1

𝑛2  (𝑛𝑉𝑎𝑟(𝑋𝑖)) =
𝜎2

𝑛
 , 

so that 𝐸 (𝑋
2

) =
𝜎2

𝑛
+ 𝜇2 

Then 𝐸(𝑆2) =
𝑛

𝑛−1
([𝜎2 + 𝜇2] − [

𝜎2

𝑛
+ 𝜇2]) 

=
𝑛𝜎2

𝑛−1
(1 −

1

𝑛
)  

=
𝑛𝜎2

𝑛−1
(

𝑛−1

𝑛
)  

= 𝜎2  

 

(4) 𝑉𝑎𝑟(𝑎𝑋 + 𝑏) = 𝑎2𝑉𝑎𝑟𝑋  

Proof 

𝑉𝑎𝑟(𝑎𝑋 + 𝑏) = 𝐸[(𝑎𝑋 + 𝑏)2] − [𝐸(𝑎𝑋 + 𝑏)]2  

= 𝐸[𝑎2𝑋2 + 2𝑎𝑏𝑋 + 𝑏2] − [𝑎𝐸(𝑋) + 𝑏]2  

= 𝑎2𝐸(𝑋2) + 2𝑎𝑏𝐸(𝑋) + 𝑏2 − [𝑎2[𝐸(𝑋)]2 + 2𝑎𝑏𝐸(𝑋) + 𝑏2]  

= 𝑎2𝐸(𝑋2) − 𝑎2[𝐸(𝑋)]2  

= 𝑎2𝑉𝑎𝑟𝑋  

 

(5) 𝑉𝑎𝑟(𝑋1 + 𝑋2) and 𝑉𝑎𝑟(2𝑋1) 

If  𝑉𝑎𝑟(𝑋1) = 𝑉𝑎𝑟(𝑋2), and 𝑌 = 𝑋1 + 𝑋2, 

then 𝑉𝑎𝑟(𝑌) = 𝑉𝑎𝑟(𝑋1) + 𝑉𝑎𝑟(𝑋2) = 2𝑉𝑎𝑟(𝑋1),  
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provided that 𝑋1& 𝑋2 are independent 

But if 𝑍 = 2𝑋1,  then 𝑉𝑎𝑟(𝑍) = 4𝑉𝑎𝑟(𝑋1). 

 

(6) Covariance 

Where 𝑋 & 𝑌 are not necessarily independent: 

𝑉𝑎𝑟(𝑎𝑋 ± 𝑏𝑌) = 𝑎2𝑉𝑎𝑟𝑋 + 𝑏2𝑉𝑎𝑟𝑌 ± 2𝑎𝑏𝐶𝑜𝑣(𝑋, 𝑌),  

where  𝐶𝑜𝑣(𝑋, 𝑌) = 𝐸(𝑋𝑌) − 𝐸(𝑋)𝐸(𝑌) 

 
 
(7) Device for determining 𝑉𝑎𝑟(𝑋) 
 
𝐸(𝑋2) = 𝐸[𝑋(𝑋 − 1)] + 𝐸(𝑋)  [as 𝑟(𝑟 − 1) divides into 𝑟!] 
 
 
(8) Conditional expectation, 𝐸(𝑋|𝑌)  
 
For any random variables 𝑋 & 𝑌: 
 
First of all consider 𝑓(𝑦) = 𝐸(𝑋|𝑌 = 𝑦) = ∑ 𝑥𝑃(𝑋 = 𝑥|𝑌 = 𝑦)𝑥  
 
Then, considering 𝑦 as a random variable, 𝐸(𝑋|𝑌) = 𝑓(𝑌). 
 
Example 1 (“Randomly stopped sum”): 𝑋 = 𝑋1 + 𝑋2 + ⋯ + 𝑋𝑁 , 
where 𝑋𝑖  is independent of 𝑋𝑗  for 𝑖 ≠ 𝑗, 𝑋𝑖  is independent of 

𝑁, and 𝐸(𝑋𝑖) = 𝜇 and 𝑉𝑎𝑟(𝑋𝑖) = 𝜎2 for each 𝑖, and where 𝑁 is 
equally likely to be each of the integers 1 to 𝑛. [Note though that 
the 𝑋𝑖  don’t need to have the same distribution.] 
 
Here 𝑌 = 𝑁, and 𝐸(𝑋|𝑁) = 𝐸(𝑋1 + 𝑋2 + ⋯ + 𝑋𝑁) = 𝑁𝜇 
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(9) 𝐸(𝑔(𝑋)) = 𝐸𝑌(𝐸(𝑔(𝑋)|𝑌))  

 
(for any function 𝑔) 
 
Proof 
 
RHS = 𝐸𝑌{∑ 𝑔(𝑥)𝑃(𝑋 = 𝑥|𝑌)}𝑥  
 
= ∑ [∑ 𝑔(𝑥)𝑃(𝑋 = 𝑥|𝑌 = 𝑦)]𝑃(𝑌 = 𝑦)𝑥𝑦   

 
= ∑  𝑦 ∑ 𝑔(𝑥)𝑃(𝑋 = 𝑥|𝑌 = 𝑦)𝑃(𝑌 = 𝑦)𝑥   

 
= ∑  𝑥 𝑔(𝑥) ∑  𝑦 𝑃(𝑋 = 𝑥|𝑌 = 𝑦)(𝑌 = 𝑦)  

 
= ∑  𝑥 𝑔(𝑥)𝑃(𝑋 = 𝑥)  
 

= 𝐸(𝑔(𝑋))  

 
 
(10) Law of total expectation  
 
For any random variables 𝑋 & 𝑌, 𝐸(𝑋) = 𝐸𝑌{𝐸(𝑋|𝑌)}    (*) 
 
where 𝐸𝑌(𝐸(𝑋|𝑌)) = ∑ 𝐸(𝑋|𝑌 = 𝑦)𝑃(𝑌 = 𝑦)𝑦  

 
= ∑ 𝑓(𝑦)𝑃(𝑌 = 𝑦)𝑦    

 
[(*) applies to continuous random variables as well] 
 
Proof: Set 𝑔(𝑋) = 𝑋 in (2). 
 
Example 1 (again): , 𝐸(𝑋) = 𝐸𝑁{𝐸(𝑋|𝑁)} = 𝐸𝑁{𝑁𝜇} = 𝜇𝐸𝑁{𝑁} 
 

And 𝐸𝑁{𝑁}[≡ 𝐸(𝑁)] = ∑ 𝑟 .  
1

𝑛
=

1

𝑛
 .

1

2
 𝑛(𝑛 + 1)𝑛

𝑟=1 =
1

2
(𝑛 + 1) 

 

So  𝐸(𝑋) =
𝜇

2
(𝑛 + 1) 
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(11) Law of total variance  
 
For any random variables 𝑋 & 𝑌, 
 
𝑉𝑎𝑟(𝑋) = 𝐸𝑌(𝑉𝑎𝑟(𝑋|𝑌)) + 𝑉𝑎𝑟𝑌(𝐸(𝑋|𝑌))  (**) 
 
[(**) applies to continuous random variables as well] 
 
Proof 
 
RHS  = 𝐸𝑌{𝐸(𝑋2|𝑌) − [𝐸(𝑋|𝑌)]2} 
 
+𝐸𝑌{[𝐸(𝑋|𝑌)]2} − {𝐸𝑌[𝐸(𝑋|𝑌)]}2  
 
= 𝐸(𝑋2) − 𝐸𝑌{[𝐸(𝑋|𝑌)]2} + 𝐸𝑌{[𝐸(𝑋|𝑌)]2} − [𝐸(𝑋)]2  
 
= 𝐸(𝑋2) − [𝐸(𝑋)]2 = 𝑉𝑎𝑟(𝑋)  
 
[See “PGF – Exercises” for a (longer) proof using probability 
generating functions.] 
 
 
Example 1 (again):  𝑉𝑎𝑟(𝑋) = 𝐸𝑁(𝑉𝑎𝑟(𝑋|𝑁)) + 𝑉𝑎𝑟𝑁(𝐸(𝑋|𝑁)) 
 
Now, 𝑉𝑎𝑟(𝑋|𝑁) = 𝑉𝑎𝑟(𝑋1 + 𝑋2 + ⋯ + 𝑋𝑁) = 𝑁𝜎2, 
 

and so 𝐸𝑁(𝑉𝑎𝑟(𝑋|𝑁) = 𝐸𝑁(𝑁𝜎2) = 𝜎2. 
1

2
(𝑛 + 1) 

 

And 𝑉𝑎𝑟𝑁(𝐸(𝑋|𝑁)) = 𝑉𝑎𝑟𝑁(𝑁𝜇) = 𝜇2𝑉𝑎𝑟𝑁(𝑁), 

 
and 𝑉𝑎𝑟𝑁(𝑁) = 𝐸(𝑁2) − [𝐸(𝑁)]2 
 

= {∑ 𝑟2 .
1

𝑛
} − [

1

2
(𝑛 + 1)]2𝑛

𝑟=1   

 

=
1

𝑛
 .

1

6
𝑛(𝑛 + 1)(2𝑛 + 1) −

1

4
(𝑛 + 1)2  
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=
(𝑛+1)

12
[2(2𝑛 + 1) − 3(𝑛 + 1)]  

 

=
(𝑛+1)(𝑛−1) 

12
  

 

So  𝑉𝑎𝑟(𝑋) = 
 𝜎2

2
(𝑛 + 1) +

𝜇2(𝑛+1)(𝑛−1) 

12
 

 
 

Example 2: As Example 1, but 𝑁 has a more general distribution.  

𝑉𝑎𝑟(𝑋) = 𝐸𝑁(𝑁𝜎2) + 𝜇2𝑉𝑎𝑟𝑁(𝑁) = 𝜎2𝐸(𝑁) + 𝜇2𝑉𝑎𝑟(𝑁)  
 
[𝐸(𝑁) ≡ 𝐸𝑁(𝑁) & 𝑉𝑎𝑟(𝑁) ≡ 𝑉𝑎𝑟𝑁(𝑁)] 
  

Where 𝑁~𝑃𝑜(𝜆), for example, 

𝐸(𝑋) = 𝜆𝜇  and  𝑉𝑎𝑟(𝑋) = 𝜆(𝜎2 + 𝜇2). 

 

Appendices 

(A) Discrete Distributions 

Uniform: 

𝑋~ discrete 𝑈(𝑎, 𝑏)  

(i) 𝑃(𝑋 = 𝑟) =
1

𝑏−𝑎+1
   

(ii) 𝐸(𝑋) =
1

2
(𝑛 + 1)  

(iii) 𝑉𝑎𝑟(𝑋) =
1

12
(𝑛2 − 1) 

 

Binomial: 𝑋~𝐵(𝑛, 𝑝) pgf 𝐺𝑋(𝑠) = (𝑞 + 𝑝𝑠)𝑛 

Geometric: 𝑋~𝐺𝑒𝑜(𝑝)  

[𝑋 is no. of attempts needed 

for 1st success] 

(i) 𝑃(𝑋 = 𝑟) = 𝑞𝑟−1𝑝 

(ii) 𝑃(𝑋 ≤ 𝑘) = 1 − 𝑞𝑘 



 fmng.uk 

8 
 

(iii) 𝐸(𝑋) =
1

𝑝
  

(iv) 𝑉𝑎𝑟(𝑋) =
𝑞

𝑝2  

(v) pgf 𝐺𝑋(𝑠) =
𝑝𝑠

1−𝑞𝑠
 

Negative Binomial 

[𝑋 is no. of attempts needed 

for 𝑛 successes] 

[Becomes Geometric when 

𝑛 = 1] 

 

(i) prob. of 𝑛th success on 𝑟th 

attempt: 𝑝𝑘 = 

(
𝑟 − 1
𝑛 − 1

) 𝑝𝑛−1𝑞(𝑟−1)−(𝑛−1)𝑝  

= (
𝑟 − 1
𝑛 − 1

) 𝑝𝑛𝑞𝑘−𝑛  

(ii) 𝐸(𝑋) =
𝑛

𝑝
  

(iii) 𝑉𝑎𝑟(𝑋) =
𝑛𝑞

𝑝2  

(iv) pgf 𝐺𝑋(𝑠) = (
𝑝𝑠

1−𝑞𝑠
)

𝑛
 

Poisson: 𝑋~𝑃𝑜(𝜆) (i) 𝑝𝑘 =
𝑒−𝜆𝜆𝑘

𝑘!
  

(ii) pgf 𝐺𝑋(𝑠) = 𝑒𝜆(𝑠−1) 

 

(B) Results using Probability Generating Functions 

If 𝑋1, 𝑋2, …  & 𝑁 are independent random variables, where the 𝑋𝑖  

have pgf  𝐺𝑋(𝑠),  then 

(i)  𝑆𝑁 = 𝑋1 + 𝑋2 + ⋯ + 𝑋𝑛 has pgf  𝐺𝑆𝑁
(𝑠) = 𝐺𝑁(𝐺𝑋(𝑠))  

(ii)  𝐸(𝑆𝑁) = 𝐸(𝑁)𝐸(𝑋)  

(iii) 𝑉𝑎𝑟(𝑆𝑁) = 𝐸(𝑁)𝑉𝑎𝑟(𝑋) + 𝑉𝑎𝑟(𝑁)[𝐸(𝑋)]2  

 


