Complex Numbers - Further Exercises

(10 pages; 22/3/25)

Consider two roots of z™ = cos@ + isin@ :

0 . . 0
Z, = oS (— + Zﬂ) + isin (— + 2’")
n n n

n

6 .. (8
and zr = cos (— + ﬁ) + isin (— + E)
n n n n
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(i) Find the condition on n for z; to equal -z, for some R, and find

R in terms of r.

(ii) Find the condition on 6 for z, to be the conjugate of z,. for

some R, and find R in terms of r.
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[Consider two roots of z* = cos@ + isin® :

z,,=cos( +—)+LSlTl( +ﬂ)
and zR=cos( +—)+ Sn( +@)

(i) Find the condition on n for z; to equal -z, for some R, and find
R in terms of 7.

(ii) Find the condition on 6 for z; to be the conjugate of z, for
some R, and find R in terms of . |

Solution
()2+@=9+ﬂ+
n n n n

> 2R=2r+n

S>R=r+=
2

So n has to be even.

6 . 2mR 6 . 2nr
i+ =-G+30)
= 2nR = —20 — 2nr
sR=-2_7

So 6 has to be either 0 or  (ie a = cos8 + isinf has to be real,
so that z™" — a = 0 has real coefficients)

If0 =0,thenR = —r,andif0 = m,thenR = -1 —r
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Example 1: z" = 1 = co0s0, +isin0

Z, = COS (9 + ﬂ) + isin (2 + W)
n n n

n

. 0 21r . . 0 21r
Andif R = —T, Zp = COS (———) + 1sin (———) = Zr*
n n n n

Example 2: z" = —1 = cosn, +isinn
Z, = COS (E + ﬂ) + isin (E + zﬂ)
n n n n

2T 21r

AndifR=—-1-1, zp =COS(%———T)+isin(§————)

n

T 2Tr

==COS(—-—-————)
n n
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Let z = a—ﬂ Nfargz = — Z | find the possible values of a
1+ai 4
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[Let z = 1a+_4;11 Nfargz = —% , find the possible values of a]

Solution

z can be written as x — xi, where x > 0,
sothat (x —xi)(1+ai)=a+i

and x +xai —xi +xa=a+1

Then equating real and imaginary parts:
x+xa=a & xa—x=1;

iex(1+a)=a & x(a—1) =1,

a 1
sothat x = — = —
1+a a—1

and a’ —a=1+a

sa?2—2a—1=0

=>a=—2i2\/§=1i\/§

Also x > 0:

1 1
a—liﬁﬁx—a—m

sothat a =1++2
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7Tl omi

Find the modulus and argument of e10 —e 10
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[Find the modulus and argument of e10 —e 10 ]

Solution
Method 1

i omi o .
Write z = e10 — e 10 inthe form e®™ (e?™ — g~b7)

So a+b=l&a—b=—i
10 10

Then a=—i &b=i
10 10

7T 9ri Tl 8mi 8T1i

and e10 —e 10 =¢ 10(eﬁ—e_ﬁ)

= e_f_é(ZiSin (4?“))

_m
e 10

Then |z| =

2isin (4?”)| = (1)(2sin (4?”))

= 2sin (n - 4?”) = 2sin (%)

i

and arg(z) = arg (e_ﬁ) + arg (2isin (4?”))

T n_4n_2n

10 2 10 5

Method 2
7Tl a1
e —e 10

N (C"S () —cos (57)) + (sin (25) - sin (=)

2 10 10 2 10 10

1 71 -91T . 1 71 —-91T
+2cos (5 G+ 20 sin (5 5 - )
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= —2sin (— 110) sin (i—g) + 2icos (_ 110) sin (?_Z) |
= Zsm( ){Sm( ) + icos (10)}
= 2Sin ( ) {cos (E — 1—0) + isin (E - 120)}

= Zsm( ){cos ( ) + Lsm( Z)}
= 2sin (g) ez%

. , T . 2T
So mod is 2sin (E) and arg is -
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Referring to the diagram, use complex numbers to prove that the

diagonal OC of the rhombus OACB bisects the angle OAB.
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[Referring to the diagram, use complex numbers to prove that the

diagonal OC of the rhombus OACB bisects the angle OAB.]

Im
A

»Re

Solution

Let z & w be the complex numbers represented by the points A &
B. Write z + w = re'® + rel(®+® where a = 2LA0B

[aiming to show that arg (z + w) will be 6 + % ]
Thenz +w = rei(9+%) (e_i% + ei%)

= rei(9+%). 2cos(%),

and hence arg(z + w) = 6 +% = %(9 + (6 + a))

= %(argz + argw)

Then, as C represents z + w, OC bisects the angle OAB.

10



