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Second Order Linear Differential Equations with Constant 

Coefficients (17 pages; 4/3/25) 

 

Exercise: Substitute 𝑦 = 𝐴𝑒𝜆𝑥 into the eq’n  
𝑑2𝑦

𝑑𝑥2 −
𝑑𝑦

𝑑𝑥
− 6𝑦 = 0    

and find 𝜆 
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[Substitute 𝑦 = 𝐴𝑒𝜆𝑥 into the eq’n  
𝑑2𝑦

𝑑𝑥2 −
𝑑𝑦

𝑑𝑥
− 6𝑦 = 0    and find 𝜆] 

𝜆2𝐴𝑒𝜆𝑥 − 𝜆𝐴𝑒𝜆𝑥 − 6𝐴𝑒𝜆𝑥 = 0  

⇒ 𝜆2 − 𝜆 − 6 = 0   

or (𝜆 + 2)(𝜆 − 3) = 0, which has roots 𝜆 = −2 & 3. 

The general solution of  
𝑑2𝑦

𝑑𝑥2 −
𝑑𝑦

𝑑𝑥
− 6𝑦 = 0 is then  

𝑦 = 𝐴𝑒−2𝑥 + 𝐵𝑒3𝑥   
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𝑑2𝑦

𝑑𝑥2 −
𝑑𝑦

𝑑𝑥
− 6𝑦 = 𝑥2   

 

Trial function for particular integral? 
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[ 
𝑑2𝑦

𝑑𝑥2 −
𝑑𝑦

𝑑𝑥
− 6𝑦 = 𝑥2] 

Trial function: 𝑦 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 

Find 𝑎, 𝑏 & 𝑐 
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[ 
𝑑2𝑦

𝑑𝑥2 −
𝑑𝑦

𝑑𝑥
− 6𝑦 = 𝑥2; trial function: 𝑦 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐] 

 

2𝑎 − (2𝑎𝑥 + 𝑏) − 6(𝑎𝑥2 + 𝑏𝑥 + 𝑐) = 𝑥2  

Equating coeffs: 

𝑥2 : − 6𝑎 = 1;   𝑥: − 2𝑎 − 6𝑏 = 0  ;   𝑥0:  2𝑎 − 𝑏 − 6𝑐 = 0  

leading to 𝑎 = −
1

6
 , 𝑏 =

1

18
  , 𝑐 = −

7

108
 

 

General solution: 

 𝑦 = 𝐴𝑒−2𝑥 + 𝐵𝑒3𝑥 −
𝑥2

6
+

𝑥

18
−

7

108
 

 

Find 𝐴 & 𝐵, given the boundary conditions: 

𝑦 = 1  and 
𝑑𝑦

𝑑𝑥
= 2 when 𝑥 = 0 
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[ 𝑦 = 𝐴𝑒−2𝑥 + 𝐵𝑒3𝑥 −
𝑥2

6
+

𝑥

18
−

7

108
 

𝑦 = 1  and 
𝑑𝑦

𝑑𝑥
= 2 when 𝑥 = 0] 

 

1 = 𝐴 + 𝐵 −
7

108
   

and  2 = −2𝐴 + 3𝐵 +
1

18
 

leading to 𝐴 =
1

4
  and  𝐵 =

22

27
 

 

Particular solution:  

𝑦 =
1

4
𝑒−2𝑥 +

22

27
𝑒3𝑥 −

𝑥2

6
+

𝑥

18
−

7

108
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Exercise: Find the Complementary Function for the eq’n 

 
𝑑2𝑦

𝑑𝑥2 − 6
𝑑𝑦

𝑑𝑥
+ 9𝑦 = 𝑐𝑜𝑠2𝑥    
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[ 
𝑑2𝑦

𝑑𝑥2 − 6
𝑑𝑦

𝑑𝑥
+ 9𝑦 = 𝑐𝑜𝑠2𝑥 ]    

 

Aux. eq’n: 𝜆2 − 6𝜆 + 9 = 0  or (𝜆 − 3)2 = 0 ⇒  𝜆 = 3 (repeated)  

 

CF:  𝑦 = (𝐴 + 𝐵𝑥)𝑒3𝑥  

 

Trial function for the particular integral? 
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[ 
𝑑2𝑦

𝑑𝑥2 − 6
𝑑𝑦

𝑑𝑥
+ 9𝑦 = 𝑐𝑜𝑠2𝑥 ; CF:  𝑦 = (𝐴 + 𝐵𝑥)𝑒3𝑥 ] 

 

Trial function: 𝑦 = 𝑎𝑠𝑖𝑛2𝑥 + 𝑏𝑐𝑜𝑠2𝑥  

 

Find 𝑎 & 𝑏    
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[ 
𝑑2𝑦

𝑑𝑥2 − 6
𝑑𝑦

𝑑𝑥
+ 9𝑦 = 𝑐𝑜𝑠2𝑥 ; CF:  𝑦 = (𝐴 + 𝐵𝑥)𝑒3𝑥  

 Trial function: 𝑦 = 𝑎𝑠𝑖𝑛2𝑥 + 𝑏𝑐𝑜𝑠2𝑥 ] 

 

(−4𝑎𝑠𝑖𝑛2𝑥 − 4𝑏𝑐𝑜𝑠2𝑥) − 6(2𝑎𝑐𝑜𝑠2𝑥 − 2𝑏𝑠𝑖𝑛2𝑥)  

+9(𝑎𝑠𝑖𝑛2𝑥 + 𝑏𝑐𝑜𝑠2𝑥) = 𝑐𝑜𝑠2𝑥  

Equating coefficients of 𝑠𝑖𝑛2𝑥 and 𝑐𝑜𝑠2𝑥: 

−4𝑎 + 12𝑏 + 9𝑎 = 0  and  −4𝑏 − 12𝑎 + 9𝑏 = 1 

leading to  𝑎 = −
12

169
  and  𝑏 =

5

169
 

 

General solution: 𝑦 = (𝐴 + 𝐵𝑥)𝑒3𝑥 −
12𝑠𝑖𝑛2𝑥

169
+

5𝑐𝑜𝑠2𝑥

169
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Exercise: Find the Complementary function for the eq’n 

𝑑2𝑦

𝑑𝑥2 − 2
𝑑𝑦

𝑑𝑥
+ 5𝑦 = 𝑒3𝑥  
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[
𝑑2𝑦

𝑑𝑥2 − 2
𝑑𝑦

𝑑𝑥
+ 5𝑦 = 𝑒3𝑥 ] 

 

Aux. eq’n:  𝜆2 − 2𝜆 + 5 = 0 ⇒ 𝜆 = 1 ± 2𝑖 

  

CF: 𝑦 = 𝑒𝑥(𝐴𝑒2𝑖𝑥 + 𝐵𝑒−2𝑖𝑥) 

= 𝑒𝑥{𝐴𝑐𝑜𝑠2𝑥 + 𝑖𝐴𝑠𝑖𝑛2𝑥 + 𝐵𝑐𝑜𝑠(−2𝑥) + 𝑖𝐵𝑠𝑖𝑛(−2𝑥)}  

= 𝑒𝑥{(𝐴 + 𝐵)𝑐𝑜𝑠2𝑥 + 𝑖(𝐴 − 𝐵)𝑠𝑖𝑛2𝑥}  

= 𝑒𝑥(𝐶𝑐𝑜𝑠2𝑥 + 𝐷𝑠𝑖𝑛2𝑥)  

[𝐴 and 𝐵 have to be complex conjugates] 

[or 𝐸𝑒𝑥𝑠𝑖𝑛(2𝑥 + 𝛼) etc]   

 

Exercise: Find the general solution of   
𝑑2𝑦

𝑑𝑥2 − 2
𝑑𝑦

𝑑𝑥
+ 5𝑦 = 𝑒3𝑥      
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[ 
𝑑2𝑦

𝑑𝑥2 − 2
𝑑𝑦

𝑑𝑥
+ 5𝑦 = 𝑒3𝑥 ; 𝐶𝐹:  𝑦 = 𝑒𝑥(𝐶𝑐𝑜𝑠2𝑥 + 𝐷𝑠𝑖𝑛2𝑥)]  

    

Trial function: 𝑎𝑒3𝑥 

Substituting into (*) gives 9𝑎𝑒3𝑥 − 2(3𝑎𝑒3𝑥) + 5𝑎𝑒3𝑥 = 𝑒3𝑥 , 

so that  8𝑎 = 1 and 𝑎 =
1

8
. 

General sol’n:  𝑦 = 𝑒𝑥(𝐶𝑐𝑜𝑠2𝑥 + 𝐷𝑠𝑖𝑛2𝑥) +
𝑒3𝑥

8
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Exercise: Find the general solution of  
𝑑2𝑦

𝑑𝑥2 + 9𝑦 = 𝑠𝑖𝑛3𝑥    

  



  fmng.uk 

15 
 

 

[
𝑑2𝑦

𝑑𝑥2 + 9𝑦 = 𝑠𝑖𝑛3𝑥]   

 

Aux. eq’n:  𝜆2 + 9 = 0 ⇒ 𝜆 = ±3𝑖 

 

CF:  𝑦 = 𝐴𝑠𝑖𝑛3𝑥 + 𝐵𝑐𝑜𝑠3𝑥 

 

Exercise : Find the general sol’n  
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[
𝑑2𝑦

𝑑𝑥2 + 9𝑦 = 𝑠𝑖𝑛3𝑥 ;CF:  𝑦 = 𝐴𝑠𝑖𝑛3𝑥 + 𝐵𝑐𝑜𝑠3𝑥] 

 

Trial function:  𝑥(𝑎𝑠𝑖𝑛3𝑥 + 𝑏𝑐𝑜𝑠3𝑥) 

 
𝑑𝑦

𝑑𝑥
= (𝑎𝑠𝑖𝑛3𝑥 + 𝑏𝑐𝑜𝑠3𝑥) + 𝑥(3𝑎𝑐𝑜𝑠3𝑥 − 3𝑏𝑠𝑖𝑛3𝑥) 

and 
𝑑2𝑦

𝑑𝑥2 = 3𝑎𝑐𝑜𝑠3𝑥 − 3𝑏𝑠𝑖𝑛3𝑥 + (3𝑎𝑐𝑜𝑠3𝑥 − 3𝑏𝑠𝑖𝑛3𝑥) 

+𝑥(−9𝑎𝑠𝑖𝑛3𝑥 − 9𝑏𝑐𝑜𝑠3𝑥)  

= 6𝑎𝑐𝑜𝑠3𝑥 − 6𝑏𝑠𝑖𝑛3𝑥 − 9𝑥(𝑎𝑠𝑖𝑛3𝑥 + 𝑏𝑐𝑜𝑠3𝑥)  

Then, substituting into (*); 

6𝑎𝑐𝑜𝑠3𝑥 − 6𝑏𝑠𝑖𝑛3𝑥 − 9𝑥(𝑎𝑠𝑖𝑛3𝑥 + 𝑏𝑐𝑜𝑠3𝑥)  

+9𝑥(𝑎𝑠𝑖𝑛3𝑥 + 𝑏𝑐𝑜𝑠3𝑥) = 𝑠𝑖𝑛3𝑥  

so that 6𝑎𝑐𝑜𝑠3𝑥 − 6𝑏𝑠𝑖𝑛3𝑥 = 𝑠𝑖𝑛3𝑥 

 

Equating coeffs of  𝑠𝑖𝑛3𝑥 and 𝑐𝑜𝑠3𝑥: 

𝑎 = 0  and 𝑏 = −
1

6
 

General sol’n:  𝑦 = 𝐴𝑠𝑖𝑛3𝑥 + 𝐵𝑐𝑜𝑠3𝑥 −
1

6
𝑥𝑐𝑜𝑠3𝑥  
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Trial functions for the particular integral 

RHS of differential equation Trial function 
𝑎𝑛𝑥𝑛 + 𝑎𝑛−1𝑥𝑛−1 + ⋯ + 𝑎1𝑥 + 𝑎0 
(𝑎𝑛 ≠ 0, but  𝑎𝑖  may be zero for 
𝑖 ≠ 𝑛) 
 

𝑏𝑛𝑥𝑛 + 𝑏𝑛−1𝑥𝑛−1 + ⋯ + 𝑏1𝑥 + 𝑏0 
(if 𝑎𝑖 = 0, we don't set 𝑏𝑖 = 0) 

𝑎𝑒𝑝𝑥  
 

𝑏𝑒𝑝𝑥  

𝑎1𝑠𝑖𝑛𝑝𝑥 + 𝑎2𝑐𝑜𝑠𝑝𝑥 (where one of 
the 𝑎𝑖  may be zero) 

𝑏1𝑠𝑖𝑛𝑝𝑥 + 𝑏2𝑐𝑜𝑠𝑝𝑥  
(if 𝑎𝑖 = 0, we don't set 𝑏𝑖 = 0) 

 

Notes 

(i) If the RHS is contained within the CF, include a factor of 𝑥 in 

the trial function.   

(ii) If the RHS is 𝑎𝑒𝑝𝑥and the CF is of the form (𝐴 + 𝐵𝑥)𝑒𝑝𝑥 ,  let 

the trial function be 𝐶𝑥2𝑒𝑝𝑥 .  

(iii) For a combination of functions on the RHS, the trial function 

will be the corresponding combination of trial functions; eg for 

𝑥2 + 𝑐𝑜𝑠3𝑥 − 2𝑒2𝑥  it would be 

𝑎𝑥2 + 𝑏𝑥 + 𝑐 + 𝑐𝑠𝑖𝑛3𝑥 + 𝑑𝑐𝑜𝑠3𝑥 + 𝑓𝑒2𝑥  

(and equate coeffs of 𝑥2, 𝑥, 𝑥0, 𝑠𝑖𝑛3𝑥, 𝑐𝑜𝑠3𝑥 & 𝑒2𝑥) 

 


