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Vectors Q3 (3/7/23)

Find the shortest distance between the lines

x—1 +3 zZ—2 X —4 z+1 . ir s .
— = ys == and T = yT == identifying the points on the

lines at which this shortest distance occurs.
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Solution

Method 1

General points on the two lines are

., 1422 . 7
0X=<—3+5/1> and 0Y=<4+2u>

2432 =1+ 2u

At the closest approach of the two lines, XY will be perpendicular
to both lines, so that

. 2 /1
XY. (5) = (0 and XY. (2) = 0,
3 2

p—(1+24) 2
sothat | 4 + 2u — (=3 + 51) (5) =0 and
—14+2u—(2+31) 3

u—(1+22) 1
442u— (3451 .<z>:o,

—1+2u—(2+31)/ \2

giving Qu—2—-41)+ B35+ 10u—250) + (-9 +6u—91) =0
or 18u —381 = —24;ie9u—191 = —-12 (1)
and (u—1-20)+ (14 +4u—10A)+(—6+4u—61) =0

9u—181=—7 (2)

Then (1) — (2) > —4 = —5,sothat A = 5 and, from (2),

1

p=;0806) -7 =7

. 11 N 83
So 0X = (22) and 0Y = §<202>

17 157
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[ 8-99\ /-16\
andXY:5<202—198>=5<4 ==

157 — 153 4

so that |ﬁ|=§\/16+1+1=%ﬁ=43£

Method 2

If 71 is a unit vector perpendicular to both lines, then we need 0X

and OY such that OX + dn = 0_Y>, and the shortest distance will
then be |d]|.

w U1 N
NN

2 1
A vector perpendicular to both lines is (5) X (2) =

3 2
4 . 4
= <:}> ,so that 1 = E(:})

. . 1+ 24 4 K
Then OX + dn = OY gives (—3 +5/1) +D<—1> = ( 4+ 2u >,

2432 —1 —1+2u

|w‘ | S~ e~

where D = \/ﬁ’

sothat 240 +4D —pu=-1(1)

SA—D—2u=7 (2)
31—D —2u=-3 (3)

Then (2) — (3) = 24 =10,sothatA =5

and (1) & (2) become 4D —u=-11(4) and —D — 2u = —18
()

Then 2(4) — (5) = 9D = —4, so that |d| = V18|D| = @ _ %

3
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and,from(l),,uz10—%+1=8—93

and 0X and OY can then be found, as in (i).

Method 3

Suppose that the two closest points are

., 1422 . 7
0X=<—3+5/1> and0Y=<4+2u>

2432 =1+ 2pu

w U1 N
N DN -

2 1
A vector perpendicular to both lines is (5) X (2) =
3 2

| 1~ 1~

4
= (—1) ,and Y can be reached from X by travelling a certain
-1

distance in this direction.

1+ 22 4
Thus<—3+5/1> ( ) <4+2,u>
2+ 32 1+2u
2A+ 4k — u 1
or <SA—k—2M> (7)
30—k —2u 3
2 4 -1 -1
o (5 5 2)(k>(7)
3 -1 -2/ \u -3
A ) 0 4 =2\"/-1
u —9 -1 =22/ \=3
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) 0 9 -9 —1 ) 90 . 45
= Ts 4 -1 -1 (7 =Ts —8)=g<—4
-2 14 =22/ \-3 166 83

83
11 282

Hence the two closest points are (22) and > |’
17 157

9
and the distance between them is |— §| VA2 + (—1)2 + (—1)2

418 42
9 3



