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Series – Q6 [Practice/H] (20/6/21)  
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By considering  ∑ (𝑟 + 1)4𝑛
𝑟=1 , show that 

∑ 𝑟3 =
1

4
𝑛
𝑟=1 𝑛2(𝑛 + 1)2  [The results for ∑ 𝑟 𝑛

𝑟=1  and  ∑ 𝑟2 𝑛
𝑟=1 can 

be assumed.] 
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Solution 

∑(𝑟 + 1)4 = (∑ 𝑟4

𝑛

𝑟=1

) +

𝑛

𝑟=1

4 (∑ 𝑟3

𝑛

𝑟=1

) + 6 (∑ 𝑟2

𝑛

𝑟=1

) + 4 (∑ 𝑟

𝑛

𝑟=1

) + 𝑛 

Let  𝑅 = 𝑟 + 1, so that LHS = ∑ 𝑅4 = (∑ 𝑅4)𝑛
𝑅=1 + (𝑛 + 1)4 − 1𝑛+1

𝑅=2  

Thus  (∑ 𝑅4)𝑛
𝑅=1 + (𝑛 + 1)4 − 1 = (∑ 𝑟4𝑛

𝑟=1 ) + 4(∑ 𝑟3𝑛
𝑟=1 ) +

6(∑ 𝑟2𝑛
𝑟=1 ) + 4(∑ 𝑟𝑛

𝑟=1 ) + 𝑛 

and so   (𝑛 + 1)4 − 1 = 4(∑ 𝑟3𝑛
𝑟=1 ) + 6(∑ 𝑟2𝑛

𝑟=1 ) + 4(∑ 𝑟𝑛
𝑟=1 ) + 𝑛 

Hence  4(∑ 𝑟3𝑛
𝑟=1 ) = 𝑛4 + 4𝑛3 + 6𝑛2 + 4𝑛 − 𝑛(𝑛 + 1)(2𝑛 + 1) −

2𝑛(𝑛 + 1) − 𝑛 

= 𝑛4 + 4𝑛3 + 6𝑛2 + 4𝑛 − (2𝑛3 + 3𝑛2 + 𝑛) − 2𝑛2 − 2𝑛 − 𝑛  

= 𝑛4 + 2𝑛3 + 𝑛2 = 𝑛2(𝑛2 + 2𝑛 + 1) = 𝑛2(𝑛 + 1)2  

and   ∑ 𝑟3 =
1

4
𝑛
𝑟=1 𝑛2(𝑛 + 1)2 

 

 

 


