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STEP/Vectors Q8 (30/6/23) 

 

Given that 𝒂,  𝒃 & 𝒄 are linearly independent vectors, establish 

whether the vectors  𝒂 + 𝒃,   𝒂 − 𝒄 & 𝒂 + 𝒃 + 𝒄  are linearly 

independent. 
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Solution 

Method 1 

Suppose that  𝛼(𝒂 + 𝒃) + 𝛽(𝒂 − 𝒄) + 𝛾(𝒂 + 𝒃 + 𝒄) = 0 

Then  (𝛼 + 𝛽 + 𝛾)𝒂 + (𝛼 + 𝛾)𝒃 + (−𝛽 + 𝛾)𝒄 = 0 

As 𝒂,  𝒃 & 𝒄 are linearly independent,   

𝛼 + 𝛽 + 𝛾 = 0  

𝛼 + 𝛾 = 0  

−𝛽 + 𝛾 = 0  

giving  𝛼 + 𝛽 = 0 

and hence 𝛾 = 0  and so 𝛼 = 𝛽 = 0  also, 

and so  𝒂 + 𝒃,   𝒂 − 𝒄 & 𝒂 + 𝒃 + 𝒄  are linearly independent. 

 

Method 2 

𝒂,  𝒃 & 𝒄 are linearly independent vectors ⇒ |𝒂 𝒃 𝒄| = 0 

⇒ |𝒂 + 𝒃,  𝒃,  𝒄 + (𝒂 + 𝒃)| = 0    

[since |𝒂 + 𝒃,  𝒃,  𝒄| = |𝒂,  𝒃,  𝒄|: 

As an example, consider 

 |
𝑝 + 𝑟 𝑟
𝑞 + 𝑠 𝑠| =

(𝑝 + 𝑟)𝑠 − (𝑞 + 𝑠)𝑟 = (𝑝𝑠 − 𝑞𝑟) + 𝑟𝑠 − 𝑠𝑟  

= |
𝑝 𝑟
𝑞 𝑠| ; also  |𝑘𝒂 𝒃 𝒄 | = 𝑘|𝒂 𝒃 𝒄 |     ] 

 

Then, if  𝒂 + 𝒃,   𝒂 − 𝒄 & 𝒂 + 𝒃 + 𝒄  are in fact linearly 

independent, we want to be able to obtain  𝒂 − 𝒄  by adding 
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multiples of 𝒂 + 𝒃 & 𝒂 + 𝒃 + 𝒄  to b. In fact, because b  can be 

replaced with kb, we can look for a relation of the form: 

𝒂 − 𝒄 = 𝑘𝒃 + 𝜆(𝒂 + 𝒃) + 𝜇(𝒂 + 𝒃 + 𝒄)  

Equating coefficients of the linearly independent a, b & c: 

1 = λ + μ;   0 = k + λ + μ;−1 = μ  

So μ = −1,  λ = 2  & k = −1 

Thus |𝒂 + 𝒃,  𝒂 − 𝒄,  𝒄 + (𝒂 + 𝒃)| = 0 ,   

so that the 3 vectors are linearly independent  

 

 

 


