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STEP 2022, P3, Q11 - Solution (5 pages; 15/2/24)

D@PX<n—-1D)+PX=n)+PX=2n+1)=1(0
u=N G) = n, and so by symmetry (being a Binomial
distribution with probability %): PX>n+1)=PX<n-1)
Hence (*) = 2P(X <n—-1)+PX=n)=1

>PX<n-1)= %(1 — P(X = n)), as required.

2n\ 1

(b) 8 = X2, Ir—nl (71) "
By symmetry,

n—1 .. _ 2n\ A\2n _ v2n _ 2n\ 1y2n

23— nl () Q= X Ir =l (T @7,

2n\ (1\°"
and In—nl(r)(z) =0,
- 2n\ 1
sothat§ = 2Y"=5 |r — n ( . ) (5)2"
=Y s(n—1) (2:1) 22111_1 , as required.
(c) 1stPart
2ny _ (o (2n—-1)! B 2n—1

T( T ) N Tr!(Zn—r)! =2 (r—D!([2n-1]-[r-1]) ~ Zn( r—1 )’

as required
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2nd Part

1

6 =330 -1 () ;s

1 _ 2n 1 _ 2n
— _ n=1n _ _ anlr
22n—1 &1=0 22n—1&1r=1

r r
_ 22111_1 ?;371(2:) e 1271 12 (zrn_—ll) , (")

from the 1st Part of (c).

Now Y27, (Zr") = (1 + 1) = 22n
Also, 21, (*1)

= 12728 (U + (5) + 152200 (7))

r n r

=2[X"Z; (ZTn)] + (Znn) , by the symmetry of Pascal’s triangle

Hence, Y."Z O(Zrn) 2[22” (Znn)]

So, from (*¥), § = zzn ol Db (Zn) 20 (Zn 1)]

T r—1
— 22:—1[ r= o( ) 2% O(Zn_—ll)]
= o (B -2 (M )

Zn) o[yl (Zn — 1)] . (Zn — 1)]

T r n—1

or

n -1
22n—1 [Zz”l=0 (

Then, by the symmetry of Pascal’s triangle again,

2
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ot (" D = (T Dz (PP

r r

2n—-1 _ n-1(2n—1
sothat (1+1) =2 T=0( - ),

and hence § = — [% [227 — (Zn)] —2n"1 42 (Zn - 1)]

22n-1 n n—1
_n 2n—1\ 1(2n
_22”—1[2(11—1) Z(n)]
n 2(2n—-1)! . (2n)!

22n-1 [(n—l)!([Zn—l]—[n—l])! 2n!n!]

n 4(2n-1)! . (2n)!
22n-1 [Z(n—l)!n! Zn!n!:|

n (2n-1)!(4n—2n)
22n-1° 2n!n!

. n (2n)!
T 22n-1 " opip)

n

= — (Znn) , as required.

2211

(o owi = Q)= ar 0 Q) <o
5 = 22n+1 r—n— % | (Zn:— 1) (%)2n+1

By symmetry,

(Zn: 1) (%)2n+1

1. (2n+ 1\ 1
=z%miv—n—;m e,

e _o(n +__ )(2n+1)

n — — —
r=o0 7 2|

sothat§ =




fmng.uk

Then r (Zn + 1) _ (2n+1)!

r!(2n+1-r)!

(2n)! _ 2n
(r-1)!@2n-[r-1]) (Zn+1) (r — 1)’

(n+3) 2n+ 1\, (@n+1) 2n
and so § = —=| ?:o( )]— | ?:1(7,_1)]

2271 r 22n

=(2n+1)

(as the term r (an+ 1) is zero when r = 0)

_ (721'2"1%) X, (Zn + 1)] (Z;lz‘;l) (7= ( )] (%)

r

Also, Y2, (Zn:— 1) (which equals (1 + 1)2"*1)

= o (M L ()

=227 (Zn:— 1)] , by the symmetry of Pascal’s triangle

2n+1 1
Hence, Z?:o( . ) = 5[22"“] = 2%n

And Y27 (Zr") (which equals (1 + 1)27)

= 2 (M + (37 + 1222 (PT)

r r

=2[>2";; (ZTn)] + (Znn) , by the symmetry of Pascal’s triangle

Hence, Y."Z O(Zrn) %[22” (Znn)]
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1
(n+3)

2n+1 2n+1 —1(2n
Then, from (***), § = — [ ?:o( . )] -4 :zn ) [Z?:&( - )]

_ (Tl+%) 2n (21’l+1) 1 2n Zn
= 2 - - ()

. 1 1 (2n+1) (2n
—(n+5—5(2n+1))+ ( )

22n+1 n

_ (2n+1) (Zn)

- 22n+1 n



