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STEP 2022, P3, Q11 - Solution (5 pages; 15/2/24) 

 

(i)(a) 𝑃(𝑋 ≤ 𝑛 − 1) + 𝑃(𝑋 = 𝑛) + 𝑃(𝑋 ≥ 𝑛 + 1) = 1 (*) 

𝜇 = 𝑁 (
1

2
) = 𝑛 , and so by symmetry (being a Binomial 

distribution with probability 
1

2
): 𝑃(𝑋 ≥ 𝑛 + 1) = 𝑃(𝑋 ≤ 𝑛 − 1)  

Hence (*) ⇒ 2𝑃(𝑋 ≤ 𝑛 − 1) + 𝑃(𝑋 = 𝑛) = 1  

⇒ 𝑃(𝑋 ≤ 𝑛 − 1) =
1

2
(1 − 𝑃(𝑋 = 𝑛)), as required. 

 

(b) 𝛿 = ∑ |𝑟 − 𝑛| (
2𝑛
𝑟

) (
1

2
)2𝑛2𝑛

𝑟=0  

By symmetry, 

∑ |𝑟 − 𝑛| (
2𝑛
𝑟

) (
1

2
)2𝑛𝑛−1

𝑟=0 = ∑ |𝑟 − 𝑛| (
2𝑛
𝑟

) (
1

2
)2𝑛2𝑛

𝑟=𝑛+1 , 

and |𝑛 − 𝑛| (
2𝑛
𝑟

) (
1

2
)

2𝑛
= 0, 

so that 𝛿 = 2 ∑ |𝑟 − 𝑛| (
2𝑛
𝑟

) (
1

2
)2𝑛𝑛−1

𝑟=0   

= ∑ (𝑛 − 𝑟) (
2𝑛
𝑟

)
1

22𝑛−1
𝑛−1
𝑟=0  , as required. 

 

(c) 1st Part 

 𝑟 (
2𝑛
𝑟

) = 𝑟
(2𝑛)!

𝑟!(2𝑛−𝑟)!
= 2𝑛

(2𝑛−1)!

(𝑟−1)!([2𝑛−1]−[𝑟−1])
= 2𝑛 (

2𝑛 − 1
𝑟 − 1

) , 

as required 
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2nd Part 

𝛿 = ∑ (𝑛 − 𝑟) (
2𝑛
𝑟

)
1

22𝑛−1
𝑛−1
𝑟=0   

=
1

22𝑛−1
∑ 𝑛 (

2𝑛
𝑟

)𝑛−1
𝑟=0 −

1

22𝑛−1
∑ 𝑟 (

2𝑛
𝑟

)𝑛−1
𝑟=1   

=
1

22𝑛−1
∑ 𝑛 (

2𝑛
𝑟

) −
1

22𝑛−1
∑ 2𝑛 (

2𝑛 − 1
𝑟 − 1

)𝑛−1
𝑟=1

𝑛−1
𝑟=0  ,    (**) 

from the 1st Part of (c). 

 

Now ∑ (
2𝑛
𝑟

)2𝑛
𝑟=0 = (1 + 1)2𝑛 = 22𝑛 

Also,  ∑ (
2𝑛
𝑟

)2𝑛
𝑟=0  

 = [∑ (
2𝑛
𝑟

)] + (
2𝑛
𝑛

)𝑛−1
𝑟=0 + [∑ (

2𝑛
𝑟

)]2𝑛
𝑟=𝑛+1   

= 2[∑ (
2𝑛
𝑟

)] + (
2𝑛
𝑛

)𝑛−1
𝑟=0  , by the symmetry of Pascal’s triangle 

Hence, ∑ (
2𝑛
𝑟

) =
1

2
[22𝑛 − (

2𝑛
𝑛

)]𝑛−1
𝑟=0   

 

So, from (**), 𝛿 =
𝑛

22𝑛−1 [∑ (
2𝑛
𝑟

) − 2 ∑ (
2𝑛 − 1
𝑟 − 1

)𝑛−1
𝑟=1

𝑛−1
𝑟=0 ] 

=
𝑛

22𝑛−1 [∑ (
2𝑛
𝑟

) − 2 ∑ (
2𝑛 − 1
𝑟 − 1

)]𝑛−2
𝑟−1=0

𝑛−1
𝑟=0   

=
𝑛

22𝑛−1 [∑ (
2𝑛
𝑟

) − 2 ∑ (
2𝑛 − 1

𝑅
)]𝑛−2

𝑅=0
𝑛−1
𝑟=0    

or  
𝑛

22𝑛−1 [∑ (
2𝑛
𝑟

) − 2[[∑ (
2𝑛 − 1

𝑟
)] − (

2𝑛 − 1
𝑛 − 1

)]𝑛−1
𝑟=0

𝑛−1
𝑟=0  

 

Then, by the symmetry of Pascal’s triangle again, 
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∑ (
2𝑛 − 1

𝑟
) =2𝑛−1

𝑟=0  [∑ (
2𝑛 − 1

𝑟
)]𝑛−1

𝑟=0  +[∑ (
2𝑛 − 1

𝑟
)]2𝑛−1

𝑟=𝑛  

= 2 ∑ (
2𝑛 − 1

𝑟
)𝑛−1

𝑟=0  , 

so that (1 + 1)2𝑛−1 = 2 ∑ (
2𝑛 − 1

𝑟
)𝑛−1

𝑟=0 , 

and hence  𝛿 =
𝑛

22𝑛−1 [
1

2
[22𝑛 − (

2𝑛
𝑛

)] − 22𝑛−1 + 2 (
2𝑛 − 1
𝑛 − 1

)]  

=
𝑛

22𝑛−1 [2 (
2𝑛 − 1
𝑛 − 1

) −
1

2
(

2𝑛
𝑛

)]  

=
𝑛

22𝑛−1 [
2(2𝑛−1)!

(𝑛−1)!([2𝑛−1]−[𝑛−1])!
−

(2𝑛)!

2𝑛!𝑛!
]  

=
𝑛

22𝑛−1 [
4(2𝑛−1)!

2(𝑛−1)!𝑛!
−

(2𝑛)!

2𝑛!𝑛!
]  

=
𝑛

22𝑛−1  .
(2𝑛−1)!(4𝑛−2𝑛)

2𝑛!𝑛!
  

=
𝑛

22𝑛−1  .
(2𝑛)!

2𝑛!𝑛!
  

=
𝑛

22𝑛 (
2𝑛
𝑛

) , as required. 

 

(ii) Now 𝜇 = 𝑁 (
1

2
) = (2𝑛 + 1) (

1

2
) = 𝑛 +

1

2
 

 𝛿 = ∑ |𝑟 − 𝑛 −
1

2
| (

2𝑛 + 1
𝑟

) (
1

2
)2𝑛+12𝑛+1

𝑟=0  

By symmetry, 

∑ |𝑟 − 𝑛 −
1

2
| (

2𝑛 + 1
𝑟

) (
1

2
)2𝑛+1𝑛

𝑟=0   

= ∑ |𝑟 − 𝑛 −
1

2
| (

2𝑛 + 1
𝑟

) (
1

2
)2𝑛+12𝑛+1

𝑟=𝑛+1 , 

so that 𝛿 =
2

22𝑛+1
∑ (𝑛 +

1

2
− 𝑟) (

2𝑛 + 1
𝑟

)𝑛
𝑟=0   
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Then 𝑟 (
2𝑛 + 1

𝑟
) = 𝑟

(2𝑛+1)!

𝑟!(2𝑛+1−𝑟)!
 

= (2𝑛 + 1)
(2𝑛)!

(𝑟−1)!(2𝑛−[𝑟−1])
= (2𝑛 + 1) (

2𝑛
𝑟 − 1

), 

and so 𝛿 =
(𝑛+

1

2
)

22𝑛 [∑ (
2𝑛 + 1

𝑟
)] −

(2𝑛+1)

22𝑛 [∑ (
2𝑛

𝑟 − 1
)]𝑛

𝑟=1
𝑛
𝑟=0  

(as the term   𝑟 (
2𝑛 + 1

𝑟
) is zero when 𝑟 = 0) 

=
(𝑛+

1

2
)

22𝑛 [∑ (
2𝑛 + 1

𝑟
)] −

(2𝑛+1)

22𝑛 [∑ (
2𝑛
𝑟

)]𝑛−1
𝑟=0

𝑛
𝑟=0   (***) 

 

Also,  ∑ (
2𝑛 + 1

𝑟
)2𝑛

𝑟=0  (which equals (1 + 1)2𝑛+1) 

 = [∑ (
2𝑛 + 1

𝑟
)] +𝑛

𝑟=0 [∑ (
2𝑛 + 1

𝑟
)]2𝑛+1

𝑟=𝑛+1   

= 2[∑ (
2𝑛 + 1

𝑟
)]𝑛

𝑟=0  , by the symmetry of Pascal’s triangle 

Hence, ∑ (
2𝑛 + 1

𝑟
) =

1

2
[22𝑛+1] = 22𝑛𝑛

𝑟=0   

 

And  ∑ (
2𝑛
𝑟

)2𝑛
𝑟=0  (which equals (1 + 1)2𝑛) 

 = [∑ (
2𝑛
𝑟

)] + (
2𝑛
𝑛

) +𝑛−1
𝑟=0 [∑ (

2𝑛
𝑟

)]2𝑛
𝑟=𝑛+1   

= 2[∑ (
2𝑛
𝑟

)] + (
2𝑛
𝑛

)𝑛−1
𝑟=0  , by the symmetry of Pascal’s triangle 

Hence, ∑ (
2𝑛
𝑟

) =
1

2
[22𝑛 − (

2𝑛
𝑛

)]𝑛−1
𝑟=0   
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Then, from (***), 𝛿 =
(𝑛+

1

2
)

22𝑛 [∑ (
2𝑛 + 1

𝑟
)] −

(2𝑛+1)

22𝑛 [∑ (
2𝑛
𝑟

)]𝑛−1
𝑟=0

𝑛
𝑟=0  

=
(𝑛+

1

2
)

22𝑛
[22𝑛] −

(2𝑛+1)

22𝑛 [
1

2
[22𝑛 − (

2𝑛
𝑛

)]  

= (𝑛 +
1

2
−

1

2
(2𝑛 + 1)) +

(2𝑛+1)

22𝑛+1 (
2𝑛
𝑛

)  

=
(2𝑛+1)

22𝑛+1 (
2𝑛
𝑛

)  

 


